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Preface to the Second Edition

Observation of a gravitational wave is the most spectacular recent application of a
laser (published in Physical Review Letters, February 2016). Four Nobel Prizes in
the last four years for achievements in physics and chemistry (see Sect. 1.9 of the
book) demonstrate the significance of lasers for scientific research. There is a steady
development of lasers and of their use in scientific research in physics, chemistry,
engineering, biophysics, medicine, and technical applications. Important progress
has been made in the last years in the development and application of infrared and
far-infrared free-electron lasers, and of X-ray free-electron lasers. X-ray free-electron
lasers are opening new possibilities in scientific research and in application.

The first edition of the textbook Basics of Laser Physics presented a modulation
model of a free-electron laser, illustrating dynamical processes in a free-electron
laser. The second edition gives a modified treatment of the model. The model
provides analytical expressions for the gain and for the saturation field of radiation
in a free-electron laser. The results drawn from the modulation model are consistent
with the results of theory that is based on Maxwell’s equations; main results
of theory arise from numerical solutions of Maxwell’s equations. In accord with the
modulation model is a description of the active medium of a free-electron laser as a
quantum system, already discussed in the first edition: an electron, which performs
an oscillation in a spatially periodic magnetic field, may be describable as an
electron occupying an energy level of an energy-ladder system; accordingly,
electronic transitions between the energy levels are origin of spontaneous and
stimulated emission of radiation.

In order to stress features that are common to a conventional laser and a
free-electron laser or show differences, various points are clearly structured in the
new edition, such as the role of dephasing between a radiation field and an oscillator
or Lorentzian-like functions (denoted as “Lorentz functions”) describing frequency
dependences of gain near or outside resonances. The second edition contains
additionally: classical oscillator model of a laser (van der Pol equation of a laser);
onset of laser oscillation of a titanium-sapphire laser; discussion of differences
between a conventional laser and a free-electron laser; and a modification of the
description of the yet hypothetical Bloch laser.
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viii Preface to the Second Edition

Additional problems should provide a deepening of the understanding of lasers.
Furthermore, errors are corrected. The principle of the overall representation
remains unchanged: this book is designed in a way that a student can study many
of the chapters without special knowledge of the preceding chapters. In most
chapters, the content develops from a more general aspect to specific aspects. Let
me mention a particular point-concerning notation. I am using, besides the letter
N for the number of particles per unit volume, the letter Z for the number (=Zahl,
German) of photons per unit volume, instead of common combinations of a Latin
and a Greek letter, or of an upper- and a lower-case letter.

I am indebted to Manfred Helm for a number of very helpful comments to the
first edition and Joachim Keller for discussions of basic questions concerning the
free-electron laser. I would like to thank Sergey Ganichev, Rupert Huber, Alfons
Penzkofer, Willli Prettl, and Stephan Winnerl for discussions. It is a pleasure to
acknowledge encouragement by Claus Ascheron and the friendly collaboration with
Adelheid Duhm and Elke Sauer at Springer Verlag. I thank Sameena Begum Khan
and her production team at Springer Verlag for the commitment to the preparation
of the book. Finally, I would like to thank my wife Marianne for her patience.

Regensburg, Germany Karl F. Renk
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Part I
General Description of a Laser
and an Example



Chapter 1
Introduction

We will ask and partly answer a few questions. What is the difference between a
laser and a light bulb? In which frequency ranges are lasers available? Which are the
sizes and the costs of lasers? Why is it necessary to have different types of lasers in
the same frequency range? We will also mention some specific lasers and we will
discuss the concept of the book.

1.1 Laser and Light Bulb

The spatial and temporal coherence makes the difference between a laser and a light
bulb (Fig. 1.1). While a lamp emits uncorrelated wave trains into all spatial directions,
a laser generates coherent waves and the waves can have a high directionality. Which
are the possibilities of generation of spatially and temporally coherent waves? A laser
can generate a coherent continuous wave or a coherent pulse train. Extreme cases of
generation of visible radiation are as follows:

e The continuous wave laser (cw laser) emits a continuous electromagnetic wave.
The field is spatially and temporally coherent.

e The femtosecond laser emits an electromagnetic wave consisting of a pulse train;
the duration of a single pulse of a train can be as short as 5 fs (1 fs = 1 femtosecond
=10""5). The field of a pulse train is spatially and temporally coherent too.

Besides continuous wave lasers and femtosecond lasers, there are pulsed lasers pro-
ducing laser pulses with durations in the picosecond, nanosecond, microsecond, or
millisecond ranges. We use the abbreviations:

e 1ms = I millisecond = 1035
e 1ps = I microsecond = 10%s
e 1ns = Inanosecond = 10~°s
e 1ps = 1picosecond = 107125

© Springer International Publishing AG 2017 3
K.E. Renk, Basics of Laser Physics, Graduate Texts in Physics,
DOI 10.1007/978-3-319-50651-7_1
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Fig. 1.1 Continuous wave (cw) laser, femtosecond (fs) laser and light bulb

e 1fs = Ifemtosecond = 10~ s
e las = lattosecond = 10~185

The acronym LASER means: Light Amplification by Stimulated Emission of
Radiation. It developed to laser = device for generation of coherent electromagnetic
waves by stimulated emission of radiation. The maser (=microwave laser) makes
use of microwave amplification by stimulated emission of radiation.

1.2 Spectral Ranges of Lasers and List of a Few Lasers

Figure 1.2 shows wavelengths and frequencies of spectral ranges of the electromag-
netic spectrum—from X-rays over the ultraviolet (UV), the visible, the near infrared
(NIR), the far infrared (FIR) spectral ranges to microwaves and radiowaves. The
frequency v of an electromagnetic wave in vacuum obeys the relation

v=c/A, (1.1)

where ¢ (= 3 x 108 ms™!) is the speed of light and A the wavelength. Abbreviations
of frequencies are as follows:

1 MHz = 1 megahertz = 10°Hz
1 GHz = 1 gigahertz = 10° Hz
1 THz = 1 terahertz = 10'> Hz
1 PHz = 1 petahertz = 10'° Hz

The visible spectral range corresponds to a frequency range of about 430-750 THz
(wavelength range about 400—700nm). Optics and light refer to electromagnetic
waves with vacuum wavelengths smaller than about 1 mm, i.e., with frequencies
above 300 GHz. Lasers are available in the ultraviolet, visible, near infrared, far
infrared, and microwave regions. Lasers of the range of X-rays are being developed.
The spectral ranges in which lasers are available extend from the GHz range over
the THz range to the region above 1,000 THz.

The ancient Greeks understood € Y o (mega) as something that was exceeding
all measurable things, Y 1Y a (giga) had to do with the giants, t€ P a (tera) included
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Fig. 1.2 Spectral ranges of lasers
Table 1.1 Laser wavelengths, frequencies, and quantum energies
Laser A v(THz) hv(107197) Pout
HeNe 633 nm 474 3.1 1-10mW
CO, 10.6 pm 28 0.18 1W to 1kW
Nd:YAG 1.06 pm 283 1.9 2W
TiS 830nm 360 24 100mW to 5SW
Fiber 1.5 um 200 1.3 W
Semiconductor 840nm 357 2.4 10-100 mW
QCL S pm 60 0.25 10-100mW

their gods, and 7 € T a (peta) was the largest one could imagine—world, giants, gods,
and all spheres together. The notation “terahertz” was introduced shortly after the
discovery of the helium—neon laser, which emits coherent radiation at a frequency
of 474 THz (wavelength 633 nm).

Table 1.1 shows data of a few continuous wave lasers. The data concern: A =
laser wavelength; v = laser frequency; hv = quantum energy of the photons of a
laser field (= photon energy); & = 6.6 x 1073*Js; P, = output power.

e Helium—neon laser (HeNe laser). It generates red laser light of a power in the

milliwatt range. Helium—neon lasers emitting radiation at other wavelengths are
also available.

e CO; laser (carbon dioxide laser). It produces infrared radiation of high power at
wavelengths around 9.6 and 10.6 wm.

e Neodymium YAG laser (Nd: YAG laser; YAG = yttrium aluminum garnet). The laser
is a source of near infrared radiation (wavelength 1.06 wm).

e Titanium—sapphire laser (TiS laser). The laser operates as a continuous wave laser
or as a femtosecond laser. The cw titanium—sapphire laser is tunable over a very
wide spectral range (650-1080nm).

e Fiber laser. Fiber lasers (=lasers with glass fibers doped with rare earth ions)
operate in the wavelength range of about 0.7-3 pm.

e Semiconductor laser. Semiconductor lasers (more accurately: bipolar semiconduc-
tor lasers) are available in the entire visible, the near UV, and the near infrared. The
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Table 1.2 Pulsed lasers

Laser A tp Wp Pulse power | vrep Py

Excimer 351 nm 50ns 11 20MW 10Hz 10W
Nd:YAG 1.06 pm 6ns 100mJ 16 MW 100Hz 10W
TiS 780nm 10fs 10nJ 1MW 50MHz 0.5W

wavelength and the power (from the nW range to the 100 mW range) of radiation
generated by a semiconductor laser depend on its design. A stack of semiconductor
lasers can produce radiation with a power up to the kW range.

e Quantum cascade laser (QCL). A QCL is a type of semiconductor laser that
produces radiation in the infrared or in the far infrared. The laser wavelength of a
quantum cascade laser depends on its design.

Table 1.2 shows data of a few pulsed lasers: t, = pulse duration=halfwidth of
a pulse on the time scale=FWHM =full width at half maximum; W, = energy
of radiation in a pulse =pulse energy; pulse power =W, /1,; vrp = repetition rate;
P,, = average power.

e Excimer laser. It is able to produce UV radiation pulses of high pulse power;
the wavelength given in the table is that of a laser operated with XeF excimers.
Excimers with other materials generate radiation at other wavelengths (XeCl, A =
308 nm; KrF, 248 nm; ArF, 193 nm).

e Neodymium YAG laser. Depending on the design of a pulsed neodymium YAG
laser, the pulse duration can have a value between 5 ps or a value that is larger than
that given in the table. The average power can be larger than 10 W.

e Titanium—sapphire femtosecond laser. The power is large during very short time
intervals.

A laser system, consisting of a laser oscillator and a laser amplifier, can generate
radiation pulses of much larger pulse power levels (Sect. 16.8).

1.3 Laser Safety

Laser safety has to be taken very seriously: a laser emitting visible radiation of 1 mW
power leads to a power density in the focus (area %) of a lens—for instance, in
the focus of the lens of an eye—of the order of 10° Wm™2 (10° Wcm™2). Such a
power density can lead to damage of an eye. Dear reader, please take care of the
corresponding safety rules when you experiment with a laser!


http://dx.doi.org/10.1007/978-3-319-50651-7_16
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1.4 Sizes of Lasers, Cost of Lasers, and Laser Market

There are lasers of very different size.

e A gas laser or a solid state laser has a typical length of 1 m (down to 10cm). The
price of a laser is between 100 US dollars and 1 million dollars.

e A free-electron laser has a typical length of 10m (not taking account of a much
larger accelerator). The price of a free-electron laser lies, depending on its prop-
erties, between 10 million and billions of dollars.

e The smallest lasers are semiconductor lasers with sizes ranging from about 1 mm
to smaller sizes. Microlasers with dimensions of the order of 10 wm can be fab-
ricated; nanolasers—with extensions below 1 um—may be suitable for special
applications. Mass production (at a price of 10 dollars per laser or much less)
resulted in a great variety of applications of semiconductor lasers.

The laser market (Fig. 1.3a) is strongly growing. The development may be similar
as for the computer market. After the discovery of the transistor in 1946, it took
about 50 years until the transistor became widely distributed—as the essential basis
of a computer. The main breakthrough was due to miniaturization realized in the
microelectronics and due to integration of transistors in large systems. The laser,
with its first operation 14 years after the transistor, is beginning to be widely spread

(a)10® -
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2 ©
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Fig. 1.3 Laser market. a General development. b Industrial lasers (in 2010). ¢ Places of installation
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as a part of devices of the daily life. The integration of the lasers in other devices and
in large systems became possible by the development of the semiconductor lasers
and their miniaturization.

The laser market offers a large variety of different lasers designed for particu-
lar applications. The laser field is in a rapid development; improvements of laser
designs, new types of lasers, and new applications make the field strongly growing.
We mention here the industrial lasers, machines suitable for various applications.
In 2009, the main contributions to the turnover in the market of industrial lasers
(Fig. 1.3b) came from the CO, lasers, the excimer lasers, and the solid state lasers
(including a small portion of semiconductor lasers). Among the solid state lasers,
there are different types, namely rod lasers, disk lasers, and fiber lasers. Industrial
lasers find use in materials processing—cutting, welding, marking, engraving, and
microprocessing; today (2016), disk lasers reach high output power levels and are
developing as simple powerful industrial lasers. A main application of excimer lasers
concerns structuring of semiconductors. The overall turnover of industrial lasers was
about nine billion dollars in 2010. Most installations of industrial lasers (Fig. 1.3c)
are in Asia, Europe, and North America.

Lasers are the basis of photonics (=photoelectronics) and optics. Optoelectron-
ics—the counterpart at optical frequencies to electronics at radio and microwave
frequencies—and integrated optics refer to optical systems used in optical commu-
nications, signal processing, sensing with radiation, and other fields. A characteristic
of optoelectronics is the extension of methods of electronics to the range of optical
frequencies.

Semiconductor lasers used in data communications and in consumer applications
are produced at a rate of more than one million in a week (at a prize of about 1 US $ per
piece); these lasers are mainly edge-emitting lasers (Sects. 20.5 and 25.4). More than
one million lasers per month are produced for the telecommunication market. The
lasers for the telecommunication market have a higher level of sophistication and are
produced in 2011 at a price of about $10 per piece; the lasers used in telecommunica-
tion systems are mainly vertical-cavity surface-emitting lasers, VCSELSs (Sect.22.7).

1.5 Questions about the Laser

In this book, we will answer a number of questions about the laser. Here we list some
questions answered in different chapters of the book.

e What is common to all lasers?
Answer: common to all lasers is the generation of radiation of high directionality;
the generation is due to stimulated emission of radiation either by quantum systems
such as atoms and molecules or by oscillating free-electrons.

e What is the working principle of the free-electron laser?

e How can we generate monochromatic radiation?


http://dx.doi.org/10.1007/978-3-319-50651-7_20
http://dx.doi.org/10.1007/978-3-319-50651-7_25
http://dx.doi.org/10.1007/978-3-319-50651-7_22
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e How can we generate femtosecond pulses?

e What is the role of diffraction in a laser? We will see that diffraction plays an
important and favorable role: diffraction can suppress unwanted radiation.

e What is the angle of divergence of laser radiation? The angle of divergence is in
general not determined by diffraction but by a kind of natural beams—Gaussian
beams—that fit perfectly to resonators with two spherical mirrors. A laser is able
to generate a Gaussian beam.

e How can we produce laser radiation in different ranges of the electromagnetic
spectrum?

e What is the difference between a laser and a classical oscillator?

Laser physics connects optics with atomic physics, molecular physics, solid state
physics (including semiconductor physics), and, of course, quantum mechanics, and
furthermore with engineering, chemistry, biology, and medicine.

1.6 Different Types of Lasers in the Same Spectral Range

Why do we need different types of lasers for the same spectral range? Different types
of lasers fulfill different tasks.

e If we need lasers of CD (compact disk) or blue ray players, semiconductor lasers,
with small sizes and low power consumption, fulfill the task.

e To cut metal plates, a high power laser as the CO; laser is suitable. The efficiency of
conversion of electric power to radiation power of a CO; laser is large (larger than
10%). The CO; laser emits radiation in the infrared spectral region. High power
disk lasers (pumped with semiconductor lasers) emitting near infrared radiation
have also high efficiencies for conversion of electric energy to radiation. These
lasers may become able (2016) to compete with CO; lasers.

e To generate femtosecond optical pulses, with durations from 100 to 5fs, only few
of the many lasers have appropriate properties. The most prominent femtosecond
laser is the titanium—sapphire femtosecond laser.

Large progress came with the miniaturized semiconductor lasers but also with
the high-power semiconductor lasers—that can be applied, for example, as pump
sources of other lasers.

1.7 Concept of the Book

Figure 1.4 gives a survey of the main topics treated in the book.

General description of a laser and an example. We will describe main properties
of a laser and of the components, namely the active medium and the resonator. We
will introduce the laser as an oscillator: an active medium drives the oscillation of
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Fig. 1.4 Concept of the
book description of a laser
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an electromagnetic field in a resonator. Early in the book we will discuss a particular
laser (the titanium-—sapphire laser) in some detail. This allows us to be specific, if
necessary, during a treatment of the theory and the discussion of the operation of a
laser.

Theory of the laser. To describe the interaction of light with matter, we introduce
the Einstein coefficients. A theoretical treatment of the laser oscillation yields the
laser threshold condition and other important properties.

Operation of a laser. We will mention different techniques of operation of a laser
as a continuous wave laser or as a pulsed laser. We will begin this part with a treatment
of the properties of resonators and the description of Gaussian waves.

Lasers except semiconductor lasers

e Gas lasers. The active medium consists of atoms, ions, or molecules in gases. Gas
lasers are available in the UV, visible, NIR, FIR, and microwave ranges. Two of
the most important industrial lasers (the excimer and the CO, laser) are gas lasers.

e Solid state lasers (except semiconductor lasers). The active medium consists of ions
in a dielectric solid; the solid is a host for ions. Solid state lasers, operated at room
temperature, are available in the visible and the near infrared. Stimulated transitions
between electronic states of ions give rise to generation of laser radiation. Besides
crystals, other condensed matter materials—glasses, polymers, and liquids—are
also suitable as host materials of ions, atoms, or molecules.

e Free-electron lasers. The basis is the emission of radiation by oscillating free-
electrons. The electrons are passing at a velocity near the speed of light through
a spatially periodic magnetic field. Free-electron lasers are available in the vis-
ible, infrared, and far infrared; free-electron lasers generating X-rays are being
developed.

Semiconductor lasers (bipolar semiconductor lasers and quantum cascade lasers).
Semiconductor lasers are solid state lasers that use conduction electrons in semicon-
ductors. Semiconductor lasers are available in the visible, near UV, and NIR spectral
ranges and are being developed for the FIR. Stimulated transitions are either due
to electronic transitions between the conduction band and the valence band of a
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semiconductor—in bipolar lasers—or between subbands of a conduction band—in
quantum cascade lasers. Preparation of mixed semiconductor materials and of het-
erostructures makes it possible to realize new, artificial materials that are used in
quantum well, quantum wire, quantum dot, and quantum cascade lasers. The laser
wavelength is adjustable through an appropriate design of a heterostructure. We will,
furthermore, present the idea of a Bloch laser (=superlattice Bloch laser=Bloch
oscillator) that may become suitable for generation of FIR radiation.

Laser-related topics

e Optical communications. This is an important field of applications of semicon-
ductor lasers.

e Light emitting diode (LED). The LED is the basis of many different kinds of
illumination. The development of LEDs is going on in parallel to the development
of semiconductor lasers. The organic LED (OLED) is suited to realize simple large
area light sources.

e Nonlinear Optics. We will give a short introduction to the field of Nonlinear Optics.
Our main aspect will be: how can we convert coherent laser radiation of one
frequency to coherent radiation of other frequencies?

We will discuss various applications in connection with different topics.

1.8 References

References cited either at the end of a chapter or in the text include: textbooks on
lasers; textbooks on optoelectronics and integrated optics; books on lasers and nonlin-
ear optics; textbooks on other fields (optics, electromagnetism, atomic and molecular
physics, quantum mechanics, solid state physics; microwave electronics, mathemat-
ical formulas; and to a small extent original literature). Original literature about
lasers is well documented in different textbooks on lasers [1-11, 308]. Introductions
to quantum optics are given, for instance, in [12, 13], or, to quantum electronics
[309]. In connection with mathematical functions, see, for instance, [14-20].

1.9 A Remark About the History of the Laser

Data concerning the history of lasers

1865 James Clerk Maxwell (King’s College, London): Maxwell’s equations.

1888 Heinrich Hertz (University of Karlsruhe): generation and detection of elec-
tromagnetic waves.

1900 Max Planck (University of Berlin): quantization of radiation in a cavity.

1905  Albert Einstein (Patent office Bern): quantization of radiation.
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Niels Bohr (University of Copenhagen): quantization of the energy states of
an atom.

Einstein (then in Berlin): interaction of radiation with an atom, spontaneous
and stimulated emission.

Henryk A. Kramers: influence of stimulated emission on the refractive index
of atomic gases containing excited atoms (a theoretical study).

Rudolf Ladenburg (Kaiser Wilhelm Institute, Berlin): observation of an influ-
ence of stimulated emission on the refractive index of a gas of neon atoms
excited by electron collisions in a gas discharge.

Charles H. Townes (Columbia University): idea of a maser.

Townes: ammonia maser (frequency 23.870 GHz, wavelength 1.25cm);
Nicolai Basov, Aleksandr Prokhorov (Lebedev Physical Institute, Moscow):
idea of a maser in parallel to the development in the USA and realization of
an ammonia laser.

Nicolaas Bloembergen (Harvard University): proposal of the three-level
maser (leading to solid state masers in various laboratories).

Arthur L. Schawlow, Townes: proposal of infrared and optical masers (lasers)
including the formulation of the threshold condition of laser oscillation;
Prokhorov: general description of the principle of optical masers (lasers).
Basov: proposal of the semiconductor laser.

Theodore Maiman (Hughes Research Laboratories): ruby laser (694 nm).
Ali Javan (Bell laboratories): helium-neon laser (1.15 wm, later 633 nm).

L. F. Johnson, K. Nassau (Bell Laboratories): neodymium YAG laser.
Robert N. Hall (General Electric Research Laboratories): semiconductor
laser.

Herbert Kroemer (University of California Santa Barbara): proposal of the
heterostructure laser.

C. Kumar N. Patel (Bell Laboratories): carbon dioxide laser; W. Bridges
(Bell Laboratories): argon ion laser.

Peter P. Sorokin (IBM Yorktown Heights) and Fritz P. Schifer (Max-Planck-
Institut fiir Biophysikalische Chemie, Gottingen): dye laser.

William T. Silfvast (Bell Laboratories): metal vapor laser.

Basov: excimer laser.

John Madey, Luis Elias and coworkers (Stanford University): free-electron
laser.

J. C. Walling (Allied Chemical Corporation): alexandrite laser (first tunable
solid state laser).

P. Moulton (Schwartz Electro-Optics): titanium—sapphire laser.

M. Haase and coworkers (3M Photonics): green diode laser (based on ZnSe).
Federico Capasso, Jérome Faist, and coworkers (Bell laboratories): quantum
cascade laser.

Shuji Nakamura (Nichia Chemicals, Japan): blue diode laser (based on GaN).

For references concerning the history of lasers, see [20-24] and also Sects.9.10
and 19.13. The acronym laser was introduced by Gordon Gould (Columbia Uni-
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versity) at the Ann Arbor Conference on Optical Pumping in 1959. In his thesis
(Moscow 1940—unknown until 1959) Vladimir Fabrikant discussed amplification
of optical radiation by stimulated emission of radiation.

In 1951, Charles Townes, searching for an oscillator generating microwave radi-
ation at higher frequencies than other microwave oscillators (magnetron, klystron)
available at the time, had the idea of a maser [21]—based on three aspects (see
Sect.2.1): stimulated emission of radiation by an atomic system; creation of a pop-
ulation inversion (in a molecular beam); feedback of radiation by use of a resonator.
The realization of the first maser (1954) stimulated the development of other types
of masers, particularly of the solid state three-level maser. In 1958, Schawlow and
Townes published an article on “infrared and optical masers.” This paper described
the conditions of operation of a laser (Chap. 8) and initiated the search for a concrete
laser. Maiman was the first to operate a laser, the ruby laser, in May 1960. Later in
the year, Javan reported operation of a helium—neon laser.

The application for a laser patent in mid-1958 by Bell Laboratories, with
Schawlow (at Bell Laboratories) and Townes (Columbia University) as inventors,
led to the first US patent on a laser, issued in 1960. A student, Gordon Gould, then
working in a group at Columbia University on his PhD thesis, wrote in several note-
books (from 1958 on after the circulation of preprints of the 1958 paper of Schawlow
and Townes) ideas about lasers, which later were the basis of patent applications.
After many court cases, Gould succeeded to obtain patents on various aspects of
lasers. Since it took a very long time to be issued (in 1976, 1978, 1988, and 1989),
the patents allowed Gould and several companies he co-founded to get back the
money (several tens of millions of dollars). For this purpose, laser companies were
forced by further court cases to pay license fee.

The theoretical basis of the laser was the “old quantum mechanics” developed
(1900-1917) by Planck, Bohr, and Einstein. The main results of the “old quantum
mechanics” obtained a consequent founding by the quantum mechanics (developed
1925-1928). Why did it last about 40 years until maser and laser were operating?
This question will be discussed in Sect.9.13.

Nobel Prizes in the field of lasers

1964  Charles Townes, Nicolay Basov, Aleksandr Prokhorov: fundamental work
in the field of quantum electronics, which has led to the construction of
oscillators and amplifiers based on the maser-laser principle.

1966  Alfred Kastler: optical pumping.

1971  Dennis Gabor: holography.

1981 Nicolas Bloembergen, Arthur Schawlow: nonlinear optics and laser spec-
troscopy.

1989 Norman F. Ramsey: maser and atomic clocks.

1997  Steven Chu, Claude Cohen-Tannoudji, William D. Phillips: methods of cool-
ing and trapping of atoms by using laser light.

1999  Ahmed Zewail (Chemistry): study of chemical reactions by using femtosec-
ond laser pulses.


http://dx.doi.org/10.1007/978-3-319-50651-7_2
http://dx.doi.org/10.1007/978-3-319-50651-7_8
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2000

2001

2002

2005

2009

2012

2014

2014
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Zhores Alferov, Herbert Kroemer: semiconductor heterostructures—the basis
of lasers of high-speed opto-electronics.

Wolfgang Ketterle, Eric Cornell, Carl Wieman: experimental realization of
Bose Einstein condensation.

John B. Fenn, Koichi Tanaka (chemistry); mass spectroscopic analysis of
biomolecules by use of laser desorption.

Roy Glauber: theory of coherence (the basis of modern quantum optics);
Theodor Hénsch, John Hull: optical frequency analyzer.

Charles K. Kao: ground braking achievements concerning the transmission
of light in fibers of optical communications; Willard S. Boyle, George E.
Smith: invention of an imaging semiconductor circuit—the CCD sensor.
Serge Haroche, David Wineland: development of ground-breaking exper-
imental methods that enable measurement and manipulation of individual
quantum systems.

Hiroshi Amano, Isamu Akasaki, Shuj Nakamura: invention of efficient blue
light emitting diodes, which has enabled bright and energy-saving white light
sources.

Eric Belzig, Stefan Hell, William Moerner (Chemistry), development of
super-resolved fluorescence microscopy.

References [1-25, 308, 309]

Problems

1.1 Physical constants. Remember numerical values of physical constants (in units
of the international system, SI).

(a) ¢ = speed of light.

(b) h = Planck’s constant.

(¢) h=h/Q2m).

(d) e = elementary charge.

(e) mgo = electron mass.

(f) wo = magnetic field constant.
(g) &o = electric field constant.
(h) k = Boltzmann’s constant.
(1) Na = Avogadro’s number.
(j) R = gas constant.

(k) Lo = Loschmidt’s number.

[Hint: in examples in the text and in the Problems, an accuracy of several percent of
a quantity is in most cases sufficient.]

1.2 Frequency, wavelength, wavenumber, and energy scale. It is helpful to char-
acterize aradiation field on different scales: frequency v; wavelength A; wavenumber
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UV = v/c = 1/A (=number of wavelengths per unit of length =spatial frequency); and
photon energy hv in units of Joule or eV. Express each of the following quantities
by the corresponding quantities on the three other scales.

(@) A=1pm.
(b) v=1THz.
(¢c) A =1nm.

d vp=1Im™"
(e) hv =1eV.

1.3 Express the following values on different scales:

(@) kT for T=300K (T = temperature); (b) 1 meV; (c) 1cm™!; (d) 10cm~".

1.4 Power of the sun light and of laser radiation. The intensity of the sun light
on earth (or slightly outside of the atmosphere of the earth) is 1,366 W m~2.

(a) Evaluate the power within an area of 1 cm?.

(b) Estimate the power density (=intensity) if the radiation incident on a 1 cm? area
is focused to an area of 100 wm diameter; focusing to a smaller diameter is not
possible because of the divergence (5 mrad) of the radiation from the sun.

(c) Determine the power density of the radiation of a helium-neon laser (power 1
mW, cross sectional area 1 cm?) focused to an area that has a diameter of 1 pm.

1.5 Determine the time it takes light to propagate

(a) A distance that corresponds to the diameter of an atom.

(b) A distance of 1cm.

(c) From a point of the surface of the earth to a point on the surface of the moon (at
a distance of 174,000km).



Chapter 2
Laser Principle

A laser (=laser oscillator) is a self-excited oscillator. A self-excited oscillator starts
oscillation by itself and maintains an oscillation. Laser radiation is generated by
stimulated transitions in an active medium. The active medium is a gain medium—
propagation of radiation in the active medium results in an increase of the energy
density of the radiation. The active medium in a laser experiences feedback from
radiation stored in a laser resonator. A portion of radiation coupled out of the resonator
represents the useful radiation.

In this chapter, we characterize an active medium by a population inversion in an
ensemble of two-level atomic systems. We formulate the threshold condition of laser
oscillation. We solve the resonator eigenvalue problem and find possible frequencies
of laser oscillation. We also show that the buildup of steady state oscillation of a
laser takes time—the oscillation onset time.

To describe a coherent electromagnetic wave, we make use of the model of a
quasiplane wave—a parallel beam of coherent radiation. A quasiplane wave is char-
acterized by a well-defined propagation direction, a finite spatial extension perpen-
dicular to the propagation direction, and a constant field amplitude within the beam.
The model is very useful for a basic description of the field in a laser oscillator. Later
(in Chap. 11) we will introduce a modified description of a coherent electromagnetic
wave.

In later chapters, we will specify the two-level atomic systems. A two-level atomic
system can belong to various states: electronic states of an atom or an ion (in a gas,
crystal, glass, or liquid); electronic, vibrational, or rotational states of a molecule;
electronic states of electrons in a semiconductor or a semiconductor heterostructure.

We will introduce (Chap. 4) still another type of active medium—an active medium
containing energy-ladder systems rather than two-level systems.
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Fig. 2.1 A laser pump system
|
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2.1 A Laser

A laser (Fig.2.1) emits coherent radiation of an output power Pg,. A laser has the
following parts.

e Active medium (=gain medium = laser medium). The active medium is able to
amplify electromagnetic radiation. The active medium, located inside a resonator,
fills out a resonator partly or completely.

e Pump system. It “pumps” the active medium. Methods of pumping are: optical
pumping with another laser or alamp; pumping with a gas discharge; pumping with
a current through a semiconductor or a semiconductor heterostructure; chemical
pumping.

e Laser resonator. The laser resonator has the task to store a coherent electromag-
netic field and to enable the field to interact with the active medium—the active
medium experiences feedback from the coherent field. We will describe resonators
that consist of two mirrors—one is a reflector of a reflectivity R; near 1, and the
other is a partial reflector serving as output coupler. The output coupling mir-
ror has a reflectivity (R,) that also can have a value near 1 but that can be much
smaller; semiconductor lasers can have reflectors with Ry = R, ~ 0.3. Each type
of laser requires its own resonator design. There is a main criterion concerning
reflectivities of resonators: a laser should be able to work at all. Depending on the
task of a laser, other criteria can be chosen—for instance, that a laser should have
optimum efficiency of conversion of pump power to laser output power.

2.2 Coherent Electromagnetic Wave

We describe a coherent electromagnetic wave generated by a continuous wave laser
as a quasiplane wave (=parallel beam of coherent light),

E(z,t) = Acos[w(t — t9) — k(z — z0)]. 2.1

E isthe electric field at time 7 and location z, A is the amplitude, w = 2w v the angular
frequency, v the frequency, and k the wave vector of the wave; 7y defines a time
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coordinate and z a spatial coordinate. The direction of E (and A) is perpendicular
to the direction of the propagation direction (z direction). The dispersion relation,

w = ck, 2.2)

relates the frequency and the wave vector. The quasiplane wave has a finite lateral
extension. We suppose that the amplitude of the field does not vary, at a fixed z, over
the cross section and that it is independent of z. The quasiplane wave is a section of a
plane wave (which has infinite extensions in the plane perpendicular to the direction
of propagation).
If we choose ty) = 0 and zo = 0 to describe a quasiplane wave propagating in free
space, we can write
E(z,t) = Acos(wt — kz). (2.3)

The instantaneous energy density, uiyg, in the electromagnetic field is
Uing = £0A” cos® (wt — kz), (2.4)

where ¢ is the electric field constant. The energy density u of the electromagnetic
field, that is, the instantaneous energy density averaged over a temporal period 7 =

27 /w, is equal to
1
u = ESQAZ. (25)

The quasiplane wave transports energy in z direction. The power P of the wave is

1
P = 5680142&1(12, (26)

where aja, is the cross-sectional area of a beam of rectangular shape. The intensity
(= power per unit area = energy flux density) is

P 1 2
[ = — = —cgoA”. (2.7)
ayap 2

We interpret the transport of radiation energy as a flux of photons along the
z direction and introduce the average number of photons per unit of volume, the
photon density Z, by the relation

u=72Zhv =Zho. (2.8)

The energy density is equal to the photon density times the photon energy hv.
Simplifying further, we describe a light beam of laser light as a parallel bundle of
light rays (Fig.2.2). To characterize the propagation of light within a parallel light
bundle, we introduce the disk of light. It is a section of a light bundle and has the
length 8z; we assume that §z is much larger than the wavelength of the radiation,
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Fig. 2.2 Parallel light disk of light
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8z > X. The disk of light propagates along the z direction with the speed of light.
The energy density in a disk of light is u (v, z) and the photon density is equal to

Z(v,2) = ”(Z]’)Z). (2.9)

We will make use of the complex notation of the field. A complex field E corre-
sponds to a real field according to the relation

S T 1 -
E=RelE]= J(E+E)=2E+ce, (2.10)

where Re[E] is the real part of E. The real field is equal to the sum of E/2 and its
conjugate complex (c.c.) E*/2.

The real part of a complex field, which is the product of a complex quantity A
and another complex quantity K, is

E =Re[E] = —(A*K + AK*) = —A*K + c.c. (2.11)

N =
N =

The complex field E = A e/ ~*9)_with the real amplitude A, corresponds to the real
field E = Acos(wt — kz). It follows that the energy density in an electromagnetic
field is

w=2EE = S Ep = 2042, (2.12)
2 2 2
The photon density is given by
z="0Fpr = 20 pp= B0 g (2.13)
2hv 2hv 2hv

Accordingly, the amplitude of the field is

A =/2hvZ/e. (2.14)

More generally, we can characterize a quasiplane wave by

E = Acos[w(t — ty) — kz + ¢ol, (2.15)
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where the time 7, defines the time axis and ¢y the z axis. The corresponding complex
field is
E = A eilot—10)—kzteol (2.16)

If a wave propagates in a dielectric medium (dielectric constant ¢), then &g has to be
replaced by e¢( in the expressions concerning u, Z, A, and intensity.
The transit of coherent radiation through an active medium (Fig.2.3) results in an
increase of the photon density,
Z =G Zy, (2.17)

and of the energy density,
u = Gluo. (218)

G| (>1) is the single-pass gain factor. Zy is the photon density and ug the energy
density in the incident beam. Z is the photon density and u the energy density in the
beam after passing through the active medium. We write

G, =e*t, (2.19)
where « is the gain coefficient of the active medium and L the length of the active

medium. It follows that

1 1 1 1
= G, = 2 —0.43 — log G. 2.2
=7 n G 0 I 0gG; =0 3L og G (2.20)

The transit of radiation through an absorbing medium results in a decrease of
energy density and of photon density,

u = Giuy, (2.21)
Z = G2y, (2.22)

where G| < 1 is the absorption factor (=Z/Z,). We write
G, = e ol (2.23)

Oaps 18 the absorption coefficient of a medium. It follows that

1. - 1 -
daps = 7 In Gy =043 — log G- (2.24)
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We can interpret the absorption coefficient as a negative gain coefficient; for units of
gain, see Sect. 16.11.

An active medium can have a gain coefficient that has a maximum oy,.x at a
resonance frequency vy (Fig.2.4a). The gain coefficient decreases toward smaller
and larger frequencies and remains positive. However, an active medium can have
a gain coefficient that changes sign (Fig.2.4b). Such a medium has a transparency
frequency vy— the active medium is amplifying at frequencies v < v but absorbing
at frequencies v > vy;.

2.3 An Active Medium

An atom (or molecule) used in a laser has two laser levels, besides other energy
levels. We ignore for the moment the other levels and describe an atom as a two-level
atomic system (Fig.2.5) and accordingly an ensemble of atoms as an ensemble of
two-level atomic systems. We introduce the following notation.

e Level 2 (energy E,) = upper laser level.

Level 1 (energy E;) = lower laser level.

e £, = E, — E| = energy difference between the two laser levels = transition
energy.

e N, = population of level 2 = density of excited two-level atomic systems =
number density (number per unit volume) of excited two-level atomic systems.

e N; = population of level 1 = density of unexcited two-level atomic systems.

e N, — Ni = population difference.

e N; + N, = density of two-level atomic systems.

Monochromatic electromagnetic radiation of frequency v can interact with a two-
level atomic system if Bohr’s energy-frequency relation

hv = E21 = E2 - El (225)
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Fig. 2.5 Two-level atomic system and ensemble of two-level atomic systems
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holds, that is, if the photon energy Av of the photons of the radiation field is equal
to the energy difference E,;. But because of lifetime broadening of the upper level,
a two-level atomic system can also interact if v is unequal to Ey;.

Two processes are competing with each other in a laser, absorption and stimulated
emission of radiation. In an absorption process (Fig.2.6), a photon is converted to
excitation energy of a two-level atomic system by a I — 2 transition. An excited two-
level atomic system transfers by a stimulated emission process its excitation energy
to the light field. Einstein showed: Radiation created by stimulated emission has the
same frequency, direction, polarization and phase as the stimulating radiation.

If the active medium is an ensemble of two-level systems, the strength of stimu-
lated emission is proportional to N, and the strength of absorption is proportional
to N;. We will later (Sect. 6.5) show, for an ensemble of identical two-level systems,
that the factor of proportionality is the same for both processes. The net effect is
proportional to the population difference N, — N,. Stimulated emission prevails if
N, — N; > 0 while absorption prevails if N, — N; < 0. In an active medium, the
population difference N, — Nj is larger than zero,

N2 — N1 > 0. (226)

Alternatively, we can write:
Ny > Ni; (2.27)

in an active medium the population of the upper laser level is larger than the population
of the lower laser level. Stimulated emission and absorption compensate each other if
N, = Nj.Inthis case, the medium is transparent. We can formulate the transparency
condition:

N, — N, =0. (2.28)


http://dx.doi.org/10.1007/978-3-319-50651-7_6
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(If the lower laser level has the degeneracy g; and the upper laser level the degen-
eracy g», the criterion of population inversion is

&N, — giN; > 0. (2.29)

We assume, for convenience, in the following that g; = g.)
It is useful, in particular with respect to the treatment of semiconductor lasers, to
make use of occupation numbers. We introduce the (relative) occupation number

N;
>N’

where N; is the population of level i and D" N; is the sum of the populations of all
levels of an ensemble of atomic systems. The sum of the relative occupation numbers
of an ensemble is unity, > f; = 1. The relative occupation number f; is equal to the
probability that level i is occupied.

The relative occupation number of the upper laser level (Fig.2.7) is equal to

fi= (2.30)

frm (231)
T Ni+ N, ’ ’
and the relative occupation number of the lower laser level is
. (2.32)
Y |+ Ny ’
The sum of the relative occupation numbers is unity,
L+ fi=1 (2.33)

The occupation number difference (that is the difference between two probabilities) is

N, — N

fL=h= m (2.34)

The occupation number difference is the ratio of the population difference N, — N,
and the density N + N, of two-level atomic systems. Thus, the population difference

is equal to the occupation number difference times the density of two-level atomic
systems,

Ny — Ny = (f2 = [N + N2). (2.35)
Fig. 2.7 Relative occupation f,
numbers of a two-level 2
atomic system
fy
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It follows that the strength of stimulated emission of radiation is proportional to
f>, and that the strength of absorption of radiation is proportional to f;. The net
effect—the difference between the strength of stimulated emission and absorption—
is proportional to f> — f;. Stimulated emission prevails if

= fi>0, (2.36)

while absorption prevails if f, — f; < 0. The condition f, — f; > 0 is again the
condition of gain. We can write the transparency condition in the form:

HL—=fi=0; (2.37)

amedium is transparent if the occupation number difference (more accurately: the rel-
ative occupation number difference) is zero. The corresponding density of two-level
atomic systems in the upper laser level is the transparency density Ny (= Ny ).

A population inversion corresponds to a nonequilibrium state of an ensemble of
two-level atomic systems. At thermal equilibrium, the population N, of an ensemble
of two-level atomic systems is always smaller than the population N;.

Thermal equilibrium of many media containing an ensemble of atomic systems
is governed by Boltzmann’s statistics. If Boltzmann’s statistics holds, the ratio of the
population of the upper level and the population of the lower level is given by

Ny _ e-mroir (2.38)
Ny

where k (= 1.38 x 1072 J K1) is Boltzmann’s constant and 7' the temperature of
the ensemble. At thermal equilibrium, the population difference is always negative,
N, — N; < 0;the net effect of stimulated emission and absorption of radiation results
in damping of radiation at the frequency v ~ (E, — E)/h. For an ensemble of two-
level atomic systems, which obeys Boltzmann’s statistics, the occupation number of
the upper level is equal to

N 1
Dol _ _ 2 (2.39)
Ni+ Ny expl(Ex — EV)/kT]+ 1
and the occupation number of the lower level is
N 1
Boltz __ 1 (240)

DT NI+ Ny expl—(E; — EN/ATI+ 1

At thermal equilibrium, the relative occupation number of the lower level is always
larger than the relative occupation number of the upper level, £z — fBolz -
that is, at thermal equilibrium, absorption always exceeds stimulated emission.
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Inthe case that the energy levels of an ensemble governed by Boltzmann’s statistics
are degenerate, the relative occupation number of level i is given by

f»BonZ &8 exp[E;/kT]
' > giexplEi/kT]

2.41)

In atomic physics and thermodynamics, the occupation number of an atomic level
concerns the total number of atoms. To describe laser media, it is convenient to make
use of number densities and of relative occupation numbers. In order to avoid a
confusion, we mark total numbers by the suffix “tot.” If an ensemble of two-level
systems is distributed in the volume V, we are dealing with the following quantities:

e N; = density of atoms in level 1.

e N, = density of atoms in level 2.

e Nt = N; x V = occupation number of level 1 = total number of two-level
systems in level 1.

e Nyt = N x V = occupation number of level 2 = total number of two-level

systems in level 2.

Niot= (N1 + N,) x V = total number of two-level atomic systems.

fo = Na/(Na + Ni) = Nt/ Niot X V = relative occupation number of level 2.

Ji = Ni1/(N2+ Ni) = Nitot/Niot X V = relative occupation number of level 1.

f2— fi = (N2 — N1)/(N2 + N1) = (N2t — Ni1ot)/ Niot = occupation number

difference (=difference of the relative occupation numbers).

We will use the notation “occupation number” instead of “relative occupation num-
ber.”

2.4 Laser Resonator

The Fabry—Perot resonator (Fig.2.8) consists of two plane mirrors arranged in par-
allel at a distance L; the Fabry—Perot resonator is an open resonator—it has no
sidewalls. We consider a Fabry—Perot resonator with reflectors of rectangular shape.
We choose cartesian coordinates with the z axis parallel to the resonator axis; laser

Fig. 2.8 Fabry—Perot
resonator
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radiation propagates along z. Characteristic quantities of a Fabry—Perot resonator
are:

a; = width of the resonator (along x).
a, = height of the resonator (along y).
L = length of the resonator (along z).
z = 0 = location of mirror 1.

z = L = location of mirror 2.

e R = reflectivity of mirror 1.

e R, = reflectivity of mirror 2.

We assume for the mirrors are perfectly reflecting (R; = R, = 1) and describe
the laser field within a resonator as a quasiplane standing wave composed of two
waves of equal amplitude and opposite propagation directions:

1 1
E = EA cos[wt — (kz — @o)] + EA cos[wt + (kz — @o)]. (2.42)

The field E and the amplitude A have an orientation along a direction (e.g., the
x direction) perpendicular to the z direction. Using the relations cos (@ £+ ) =
cos & cos B F sin « sin B, we can write (2.42) in the form

E = Acos(kz — ¢p) cos wt, (2.43)
which describes a standing wave. To find &, w, and ¢y, we make use of three condi-

tions:

e The solution of the resonator eigenvalue problem provides discrete values of the
wave vector.

e The dispersion relation for electromagnetic radiation then yields the resonance
frequencies of a resonator.

e Two boundary conditions for electromagnetic fields provide the phase.

The resonator eigenvalue problem reads: after a round trip transit through the
resonator, the field at a location z at time ¢ + T is the same as the field at time 7,

E(z,t+T)=E(?1). (2.44)
This leads to the condition
2k =1 x 2m; 1=1,2,3,.... (2.45)

The integer [ is the order of a resonance. The change of phase per round trip transit
is 2kL = 2m. Accordingly, the wave vector has discrete values,

2
k =1 x A (2.46)
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Fig. 2.9 Resonance frequencies of the Fabry—Perot resonator

We obtain, with k = w/c,

= x 25 2.47
w Y (2.47)
or
vo=1x — (2.48)
1 2L. B

The resonance frequencies (= eigenfrequencies) v; of a Fabry—Perot resonator are
multiples of ¢ /2 L. The resonance frequencies v; are equidistant. Next near resonance
frequencies have the frequency distance (Fig.2.9)

¢
Vv — V] = —. 2.49

L= Vel = S (2.49)
The round trip transit time—the time it takes the radiation to perform a round trip

transit through the resonator—is
T=1/vy=2L/c. (2.50)

The resonance wavelengths of radiation in a Fabry—Perot resonator are given by the
relation
I x NM/2 = L; (2.51)

the length of the Fabry—Perot resonator is a multiple of A;/2. To determine the res-
onance wavelengths of a Fabry—Perot resonator containing a medium of refractive
index n, we have to take into account that the speed of light in a medium is ¢/n and
the wavelength is A /n, where X is the wavelength of light in vacuum.

Taking account of the boundary conditions and the dispersion relation, we obtain:

E = Acos(k;z — ¢o) coswyt. (2.52)

The boundary conditions are: E = 0 at z = 0 and z = L. We obtain the phase
¢@o = 1 /2. Thus, the standing wave has the form

E = Asink;z coswt. (2.53)
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Fig. 2.10 Standing wave in a Fabry—Perot resonator. a Field E(z). b Phase of the field in the zy
plane. ¢ Field lines in the xy plane for E || x. d Field lines in the xy plane for E || y

A resonance characterized by a frequency w; = 2mv; and a wave vector k; corre-
sponds to a resonator mode, that is, to a particular pattern of the amplitude of the
electromagnetic wave within the resonator. Figure 2.10a shows the electric field E(z)
for t =0 and T'/2. At a fixed time, the field varies sinusoidally along the resonator
axis according to the variation of the phase kz. The sign of the field varies in z direc-
tion (Fig.2.10b). The polarization of the electric field has a direction perpendicular
to the z axis—along the x axis (Fig.2.10c) or along the y axis (Fig.2.10d). We
now summarize the main properties of a quasiplane standing wave in a Fabry—Perot
resonator.

e Amplitude. The amplitude A is a constant everywhere within the Fabry—Perot
resonator.

e Phase variation along the z axis. The phase varies along the z axis.

e Phase variation perpendicular to the 7 axis. The phase does not vary in directions
perpendicular to the z axis.

e Polarization of the radiation. The field is oriented perpendicular to z.

Two waves propagating in opposite directions add to the field, now written in
complex form,

E = %A eilor—tkz—go)l | %A ellor+kz—go)l (2.54)
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The energy density of the field at a location z in the resonator averaged over a period
of time is equal to

1
u(z) = EEOAZ sin® kz (2.55)

and the photon density (also averaged over a period of time) is

80A2
2hv

Z(z) = sin® k;z. (2.56)

The average taken over a wavelength of the radiation yields the average energy
density u of the electromagnetic field in the resonator

1

= —g)A® 2.57
u= e (2.57)
and the average photon density
u N 2
Z=—=— 2.58
hv  4hv ( )

If aresonator has two reflectors both with R = 1, light within the resonator travels
without loss; it performs an infinite number of round trip transits. But the number
of round trip transits is finite if one of the reflectors is a partial reflector acting as
output coupling mirror. Then, a reflection at the output coupling mirror corresponds
to a reduction of the energy density within the resonator. How long does a photon
remain in a resonator? We consider the energy density u at a fixed location within
the resonator (Fig.2.11). After one round trip of the radiation, the energy density is
Vu, where the V factor describes how much of the energy remained in the resonator
after one round trip transit; accordingly, the photon density Z is reduced to V Z after
one round trip of the radiation. The V factor is a measure of loss.

e Vfactor = fraction of radiation energy that remains in the resonator after a round
trip transit = fraction of the number of photons remaining in the resonator after
one round trip = survival probability of a photon after a round trip transit through
the resonator.

e V = 1, there is no loss.

e V < 1, there is loss.

Vzu [}
w | E ‘
u
. =

Fig. 2.11 Resonator with loss
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The photon density develops as follows:
t =0; Zy.

t = T'; one round trip transit, Z = V Zj.
t = sT'; s round trip transits,

Z(s) = V*Zy. (2.59)
Replacing s by the continuous variable #/ T, we write
Z(t) = ZoV''". (2.60)

Using the identity a* = e*'"%, we obtain

Z(t) = Zye ™ = Zye !/, (2.61)
where
1 —hV
K= —=_— (2.62)
T, T

(2.63)

is the photon lifetime (= average lifetime of a photon in the resonator = decay time
of the energy density of radiation in the resonator). We write the V factor as

Vel =T, (2.64)
The energy density decreases exponentially with the same decay constant as the
photon density,
u=uge '™ =uge", (2.65)
where u is the initial energy density.
If the loss is due to both output coupling loss (described by V) and internal loss
in the resonator (Vj), the total V factor is equal to
V = VouVi. (2.66)

Then the loss coefficient of a resonator is

K = Kout + Ki, (2.67)
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where

® Koy 1S the decay coefficient due to output coupling of radiation and
e «; is the loss coefficient due to internal loss.

Diffraction at the reflectors, for instance, causes internal loss.
The relative decrease of the energy density after one round trip transit is
wu—Vu)/u=1-1V. (2.68)

The quantity 1 — V is the loss per round trip transit.

Example A resonator has the V factor V =0.9. This means:

e There remain, after one round trip of the radiation, 90% of the photons in the
resonator.

The loss per round trip is 10%.

The photon lifetime is 7, = T/(—InV) = 9.5T.

e The survival probability of a photon after a round trip through the resonator is 0.9.

2.5 Laser = Laser Oscillator

The laser (=laser oscillator) is a self-excited oscillator (=self-sustained oscillator). It
is characteristic of a self-excited oscillator that it starts oscillation itself and maintains
oscillation as long as pump energy is supplied by an external energy source.

We mention a classical self-excited oscillator. A string of a violin is excited to
an oscillation during a continuous motion of the bow. The string together with the
bow, which steadily delivers energy to the oscillation, is a self-excited oscillator. The
length of the string determines the fundamental frequency.

We will now formulate the condition of laser oscillation and also show that the
buildup of a steady state oscillation takes time.

2.6 Radiation Feedback and Threshold Condition

Radiation in a resonator containing an active medium is repeatedly propagating
through the active medium. The active medium experiences feedback from the radi-
ation that is stored in the resonator.

We now assume that population inversion and gain are suddenly turned on at time
t = 0. At the start of a laser oscillation, the energy density of the radiation is u.
The energy density is equal to V Gu after one round trip (Fig.2.12). G is the gain
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Fig. 2.12 Balance of energy in a laser

factor per round trip transit. It is equal to the product of the single-pass gain factors
(G = G%). The energy density increases if

VGu > u (2.69)

or
GV > 1. (2.70)

The energy in a resonator increases with time if the product of the gain factor and
the V factor is larger than unity. Without loss (V=1), the energy density after one
round trip is Gu. The relative increase of the energy density after one round trip is

Gu—u

u

=G-1. 2.71)

The quantity G — 1 is the gain per round trip. If gain and loss are present, we can
write the condition of net gain in the form

Gu—u u—Vu
>
u u

(2.72)

or
G-1>1-V, (2.73)

gain per round trip > loss per round trip. We did not differ between radiation
propagating in the resonator in clockwise or counterclockwise direction: we supposed
that propagation in both directions leads to gain.

We assume that V does not change with time. Can we also assume that the gain
factor G is independent of time? If G would be constant, the energy in the laser
would permanently increase and reach an infinitely large value. But this is not the
case if V < 1. Then the energy in a laser resonator becomes finite—G decreases
during the buildup of the light field in the laser resonator. We have the condition that
VGoou = u at steady state or

GV =1, (2.74)

at steady state oscillation, the product of the gain factor G, and the V factor is 1.
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gain > loss

gain = loss

0 ton t

Fig. 2.13 Gain during onset of laser oscillation

We describe the following case: an active medium is suddenly turned on at time
t = 0. Theinitial gain factoris G (Fig. 2.13). The gain factor remains nearly constant
and then decreases to the steady state value G . The transition from G to G », occurs
at the onset time t,,, which is a measure of the time it takes to build up a steady state
oscillation. G is the small-signal gain factor and G, the large-signal gain factor. The
two conditions lead to the threshold condition of laser oscillation (= laser condition):

GV > 1. (2.75)

The condition implies that during the buildup of a laser field, G is larger than at
steady state oscillation. We can also interpret the threshold condition as follows:
an oscillation builds up if Gy is only slightly larger than G . In the extreme case
that Gy — G, reaching a steady state takes infinitely long time (¢,, — ©0). In this
sense, we introduce the threshold gain factor,

G = Goo. (2.76)

The small-signal gain factor G is always larger than the large-signal gain factor G,
(= Gu). At steady state oscillation, the gain factor is clamped at

Goo= V7L (2.77)

We will treat onset of oscillation in more detail (Sects. 2.9, 8.4, and 9.7; Fig. 9.6).
A laser is a regenerative amplifier: at steady state oscillation, radiation lost during a
round trip transit through the resonator is regenerated after the round trip.

The energy density of radiation in a lossless resonator of a continuously pumped
laser increases to infinitely large values—but optical damage limits the energy density
(Sect. 16.10).
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2.7 Frequency of Laser Oscillation

At steady state oscillation, the electric field at a fixed location in the laser resonator
reproduces itself after each round trip transit through the resonator; this is the res-
onator eigenvalue problem in the case that a resonator contains an active medium.
The electric field in a resonator (Fig. 2.14) has to obey the condition

Ge Vi exp(—i(2kL — Ap — ¢3 + ¢ri + ¢r2)) E = E. (2.78)

The quantities concern a round trip transit through the active medium.

Gg = Gge* =complex gain factor with respect to the field.

Vg = Vgel”2 =complex loss factor with respect to the field.

2kL. = geometric phase shift.

¢r1 = phase shift due to reflection at one of the mirrors.

¢r2 = phase shift due to reflection at the other mirror.

@3 = phase shift due to dispersion in the resonator (Sect. 13.3).

A¢p = Gouy phase shift = additional phase shift occuring for radiation propagating
in a resonator with curved mirrors (Sect. 11.7); the Gouy phase shift of radiation
in a Fabry—Perot resonator is zero.

We obtain the condition
GgVe exp—i(2kL — Ap — @3 — o1 — @2 + ¢r1 + ¢r2) = . (2.79)

The factor to the exponential has to be equal to unity, and the sum of all phases has
to be a multiple of 27. It follows that Gg Vg = 1 and, with Gz = G and Vi = V,
that GV = 1 as already derived in the preceding section. The second condition is

2kL — Ap — o3+ ¢r1 + ¢r2 = [ X 2, (2.80)

where [ is an integer. The sum of all changes of phase after a round trip transit has
to be a multiple of 2. Since k = w/c, the condition provides the eigenfrequencies
w; = 2mv;. In the special case that all additional phases—but not the geometric
phase shift kz—are zero, we obtain the eigenfrequencies v; = Ic/(2L), with [ =1,
2, ...; otherwise the resonance frequencies are shifted.

active medium

o—r
m

Fig. 2.14 Field in a laser
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Electromagnetic radiation propagating in a medium of refractive index n has the
wave vector k = nw/c. It depends on the properties of the resonator and of the active
medium at which resonance frequency (or frequencies) a laser oscillates.

We will discuss the origin of phase shifts of electromagnetic wave propagating in
an active medium in Chap.9 and phase shifts of an electromagnetic wave in a laser
resonator in Chap. 11 and Sect. 13.4.

2.8 Data of Lasers

Table 2.1 shows data of continuous wave lasers. The data concern the quantities (see
also Fig.2.15):

e L = resonator length.

e d = diameter in case of a circular resonator.

e a; = width and a, = height of a rectangular resonator.

e Resonator volume = 7(d/2)?L of a circular-mirror resonator and a;a,L of a

rectangular resonator.

G = gain factor per round trip of the radiation; G, per single transit.

e V =V factor per round trip; it indicates the reduction of the photon density in the
resonator per round trip transit, and V) loss per single transit.

e P, = output power.

By modifying a laser (e.g., by choosing an other cross sectional areas), it can be
possible to obtain a larger or a smaller output power. The lasers generate radiation at
wavelengths listed in the table but also at other wavelengths. The length of the active
medium of a gas laser is about equal to the length of the resonator. The length of the
active medium of a solid state laser is smaller than the resonator length. The length
of the active medium of a semiconductor laser is about equal to the resonator length.
Semiconductor lasers have much smaller sizes than other lasers.

e Helium—neon laser. The gain is small. Therefore, the V factor has to be close to
unity—the reflectivities of the resonator mirrors have to be near unity

Table 2.1 Data of lasers

Laser A L(m) Resonator Volume GlorGi] |V [or Vi] | Pout (W)
d(m), or (m3)
ay (m); az (m)
HeNe 633nm | 0.5 2% 1073 5% 1072 | 1.02 0.99 102
CO, 10.6 um | 0.5 2x 1072 5%1073 |3 0.95 70
Nd:YAG |1.06 pm | 0.5 2% 1072 5x1073 | 50 0.9
TiS 830nm | 0.5 2x 1072 5% 1073 | 50 0.9 5
Fiber 1.5pum | 10 103 109 100 0.5
sC 810nm | 1073 | 107%10~* 10~13 [12] [0.3] 107!
QCL 5 um 1073 | 1073;107* 10~12 10 0.9 1073
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Fig. 2.15 Various lasers

(e.g., Ry = 0.998 and R, = 0.99). A glass plate covered on the front surface with
a highly-reflecting multilayer coating and on the back surface with anantireflecting
dielectric coating is a high-reflectivity mirror (Sect.25.7). The front surface with
its coating acts as resonator mirror while the back surface is outside the resonator.
The glass tube that contains the laser gas is closed by Brewster windows.

e CO; laser. The gain is large. One of the reflectors is a metal mirror; a metal mirror
has a reflectivity near unity for radiation at wavelengths larger than about 5 pm.
The output coupling mirror has a reflectivity that is noticeably smaller than unity
(e.g., Ry = 1; R, = 0.95). The output coupling mirror is a dielectric plate (e.g.,
a germanium plate) covered on the resonator side with a dielectric multilayer
coating and on the other side with a dielectric antireflecting coating; a metal film
is not suitable as a partial reflector because of a very high absorptivity for radiation
passing through a metal film (Problem 25.18).

e Neodymium YAG laser (Nd:YAG laser). The gain is large. The length of the active
medium is much smaller than the length of the resonator. Both mirrors (e.g., Ry ~ 1
and R, = 0.95) consist of dielectric multilayers on glass plates. The Nd:YAG
crystal surfaces are obliquely oriented relative to the beam axis so that the angle of
incidence of the radiation is the Brewster angle and radiation traverses the crystal
surfaces without loss.

e Titanium—sapphire laser. The active medium also fills a small portion of the res-
onator. The gain is large (mirror reflectivities are, e.g., Ry ~ 1 and R, ~ 0.95). The
titanium—sapphire crystal surfaces are obliquely oriented relative to the beam axis
so that the angle of incidence of the radiation is the Brewster angle and radiation
traverses the crystal surfaces without loss.

e Fiber laser. The active medium is a doped fiber of small diameter and large length.
The output power can reach several hundred watt.

e Bipolar semiconductor laser (SC). The gain can be large already at a small length
of an active medium. It is possible to use the semiconductor surfaces as reflectors.


http://dx.doi.org/10.1007/978-3-319-50651-7_25
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Fig. 2.16 Brewster angle @ @

incident
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reflected 90° beam

Then each of the surfaces has the reflectivity Ry = Ry = R = (n — 1)?/(n + 1)2,
where 7 is the refractive index of the semiconductor laser material. The resonator
material of a GaAs semiconductor laser has the refractive index n = 3.6, and the
reflectivity has a value (R = 0.32) that is markedly smaller than unity.

e Quantum cascade laser. The gain is also large at small length of the gain medium.

Radiation passing at normal incidence through an interface between air and a
medium experiences loss due to reflection, while radiation of the appropriate polar-
ization direction passes the interface under the Brewster angle without reflection
loss. The Brewster angle follows from Snell’s law

sin oy ny

. =—, (2.81)
Sin o nyp

where ¢ is the angle of incidence, «; the angle of the transmitted beam, n; (~ 1)
the refractive index of air, and n, the refractive index of the dielectric material.
The reflectivity is zero if the electric field vector lies within the plane of incidence
(p polarization) and if the angle of incidence is equal to the Brewster angle ap
(Fig.2.16). The Brewster angle is determined by the relation

tan ap = ny/ny. (2.82)

The diffracted and the reflected beam (that has no power) are perpendicular to
each other. Radiation of a polarization perpendicular to the plane of incidence
(s polarization) is partly reflected and is therefore attenuated by a Brewster win-
dow. Accordingly, the radiation of a laser that contains Brewster windows is polar-
ized.

2.9 Oscillation Onset Time

The threshold condition does not specify the value of the initial energy density of the
electromagnetic field. However, there is a physical limit: if there is no electromagnetic
energy in the resonator, nothing can be amplified. Already one photon in the resonator
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can initiate laser oscillation if the threshold condition is fulfilled. One photon in a
resonator corresponds to a photon density of Zy = (a1a,L)~", where aja, L is the
volume of the resonator. After the round trip transit time, the density of the photons
is VG and after s round trip transits, the density of the photons in the resonator is

Z(s) = Zo(VGyp)*. (2.83)

To estimate the onset time, we assume that the gain, described by the round trip
gain factor Gy, is turned on at = 0, then remains constant, and suddenly decreases
att = fop to G (Fig.2.17, upper part). It follows that the photon density increases
exponentially from the initial value Z, until it reaches att = ¢,, the steady state value
Z~ (= density of photons in the resonator at steady state oscillation). We write

(VGo)’» = Zoo/ Zy, (2.84)

where s, is the number of round trip transits necessary to reach the steady state. It
follows that the oscillation onset time, 7o, = Son T, 1S given by

ton =T In(Zeo/Z0). (2.85)
In(V Go)

The onset time is proportional to the round trip transit time and to the natural logarithm
of Zo,/Zy. And it is inversely proportional to the natural logarithm of the product

VGy.
We replace s by the continuous variable 7/ T and write

Z(t) = Zo (VGo)'T. (2.86)
Fig. 2.17 Onset of laser G
oscillation: gain factor and Gy
photon number
GW
Zaa,l 4
1010 ~ Zwa1a2|'
10
1 1 L

0 2 tey 4 t (us)
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With the identity a* = e*!"¢, we obtain
Z = ZyenVoouT, (2.87)

The number of photons increases exponentially until, at # = #,,, a steady state oscil-
lation is established.

It follows, for 1 — V « 1 and Gyg— 1 K 1, that In(VGy) =InV +1In Gy =
(Go — 1) — (1 — V) =gain minus loss per round trip. Then we can write

_ T
(G- —(1-V)

0(Zso/ Zo). (2.88)

tOIl

If the gain is small compared to unity, (Go — 1) < 1, the oscillation onset time is
large compared to the round trip time, t,, > T .

Example A helium—neon laser (length 0.5 m; cross-sectional area 1 mm?; output
power I mW; gain =G — 1 = 0.02; loss 1 — V = 0.01) starts with one photon in
the laser mode (Zpa;a, L = 1) and contains, at steady state oscillation, Za1a,L =
Powtp = 10%0 photons, where 7, = T/(1 — V) = 3.3 x 1077 s is the photon life-
time. The density of photons in the resonator at t = 0 is Zy = (a, L)™' =
10° m~3. The density of photons at steady state oscillation is Z,, ~ 10'® m~3. The
round trip transit time is 7 =3.3 x 10~ s. Tt follows that the onset time is 7o, ~ 8 s.
The buildup of steady state oscillation of a helium—neon laser requires that the radi-
ation performs about thousand round trip transits through the resonator. The photon
density (Fig.2.17, lower part) increases exponentially during the onset time (¢ < fo,)
and has a constant value for t > t,,.

References [1-11, 26-28].

Problems

2.1 Photon density. Calculate the density Z of photons in a radiation field (wave-
length 1 wm, 1nm, or 1 mm) of an energy density of 1Jm™3.

2.2 Amplitude of a field in a resonator containing a medium of the dielectric con-
stant ¢ = 1 at the laser wavelength.

(a) Determine the amplitude of a field that corresponds to radiation of an energy
density of 1J/m3.

(b) Evaluate the photon density Z, the field amplitude, and the energy density in a
laser resonator (size 1cm?) if the resonator contains 1 photon and if the energy
of a photon corresponds to a wavelength of 1 pm.

(c) Evaluate the photon density, the field amplitude, and the energy density in a laser
resonator (size 0.4 pm x 100 pm x 500 pwm) if it contains 1 photon (photon
wavelength 1 pm).
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2.3 Thermal occupation number of an atomic system governed by Boltzmann
statistics.

(a) Show that £ — f£BolZ () for an ensemble of two-level atomic systems in
thermal equilibrium.

(b) Estimate the thermal occupation number difference f2° — B for an ensem-
ble of two-level atomic systems (at 300 K) at level separations that correspond
to visible radiation (wavelength of 600 nm).

(c) Calculate the occupation number difference at level separations that correspond
to far infrared radiation (A =300 pwm).

2.4 Threshold condition of laser oscillation.

(a) Show that the threshold condition (expressed for the power of radiation) is the
same for light propagating in —z direction as for light propagating in +z direc-
tion.

(b) Show that the threshold condition is also the same for two electromagnetic fields
propagating in =+ z directions if G, # G, where the gain factors correspond to
the single-pass gain factors for the two propagation directions.

2.5 Brewster angle. Determine the Brewster angles of materials used in lasers as
windows or as active materials.

(a) Helium—neon laser (633 nm); quartz glass, n =1.4.
(b) CO; laser; NaCl crystal, n =1.5.

(¢) Nd:YAG laser; YAG, n =1.82.

(d) Titanium-sapphire laser; sapphire, n =1.76.

2.6 Photon lifetime and oscillation onset time. Determine the photon lifetime and
the oscillation onset time of lasers mentioned in Table 2.1.

2.7 Fresnel coefficients.
Derive the Brewster angle by use of the Fresnel coefficients:

_ Ej_r) nipcosf —nycosd,

_ L , 2.89

. Eﬁ) nycos 0y + ny cos 6 (2.89)
E" 2 6

o=k = M1 oS T (2.90)

Ejf) nicosb; +nycosd,’

(r)
o EL _ nycosf; — ny cos b (2.91)
1= 50 ™ 1 cos6; + nycosfy’

Ehl) 21, cos 0
" nycost +nycosby’

(2.92)

e | =Fresnel coefficient of reflection, with the electric field direction perpendicular
to the plane of incidence.
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o 1| =Fresnel coefficient of reflection, with the electric field direction in the plane
of incidence.

0; =angle of incidence.

0, =angle of the refracted beam.

n; =refractive index of medium 1.

n, =refractive index of medium 2.

The coefficients | and r)| are the corresponding Fresnel coefficients of transmission.

2.8 Fresnel coefficients of normal incidence.

(a) Show that ry=r, =r= (n—ny)/(ny+ny) and #, =1 =t= 2n;/
(n1 + ny) and determine the reflectivity R and the transmissivity T.
(b) Show that r,; = —rqy and that t15t,; — ripro; = 1.

2.9 Relate the intensity of radiation to the photon density.

2.10 Photon flux. The photon flux is equal to the number of photons per second
per unit area.

(a) Relate to other quantities that characterize a plane wave, namely photon density,
energy density, intensity, and amplitude.

(b) Determine the photon flux for the radiation fields mentioned in Problem 2.1.

(c) Determine the photon flux for the output of the lasers mentioned in Table 2.1.

2.11 Determine the Brewster angle for laser materials mentioned in Table 6.1.

2.12 Radiation of a helium-neon laser (power 1 mW, wavelength 633 nm) is focused
to an area of diameter 10 um?. Determine the intensity, the photon density, the energy
density and the amplitude of the electric field in the focus.

2.13 Circularly polarized radiation.

(a) Characterize the field of circularly polarized radiation.

(b) Show that circularly polarized radiation can be obtained by sending a plane wave
through a quarter-wave plate; a quarter-wave plate consists of an anisotropic
crystal with different refractive indices for the ordinary and the extraordinary
beam propagating in the same direction.


http://dx.doi.org/10.1007/978-3-319-50651-7_6

Chapter 3
Fabry-Perot Resonator

The main topics of this chapter concern the characterization of a resonator mirror,
of the Fabry—Perot interferometer, and of the Fabry—Perot resonator.

In the 1890s, Charles Fabry and Alfred Perot (Marseille, France) introduced the
Fabry—Perot interferometer. It consists, in principal, of two partial mirrors that have
infinitely large lateral extensions. We will determine the transmissivity of a Fabry—
Perot interferometer. The transmission curve (Airy curve) exhibits, at high reflectiv-
ities of the mirrors, narrow resonances with Lorentzian shape.

A Fabry—Perot resonator consists of two partial mirrors of finite lateral exten-
sions. The spectral transmission curve of a Fabry—Perot resonator is—for quasiplane
waves—the same as that of a Fabry—Perot interferometer. We will show that the
transmission curve narrows when a gain medium is inserted into a Fabry—Perot res-
onator.

We mention different types of laser resonators and then discuss properties of a
Fabry—Perot resonator. We introduce the ideal mirror and determine the transmission
curves of the Fabry—Perot interferometer and of the Fabry—Perot resonator.

The Fabry—Perot resonator, together with the description of radiation as a quasi-
plane waves, represents a model resonator that is well suited to study basic properties
of a resonator and of a laser. We will later (Sect. 11.6) show that the Fabry—Perot
resonator differs from the Fabry—Perot interferometer, particularly for radiation that
propagates at an angle to the resonator axis. There is another very important differ-
ence: radiation in a Fabry—Perot resonator experiences diffraction (Sect. 11.8) while
diffraction plays no role in a Fabry—Perot interferometer.

3.1 Laser Resonators and Laser Mirrors

There are different types of resonators:

e Resonator with curved mirrors as reflectors (Chap. 11). The resonators are suitable
for most of the gas and solid state lasers as well as for free-electron lasers.
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e Fabry—Perot resonator (this chapter). It has two plane reflectors. This resonator
represents an ideal model resonator suitable for the study of basic properties of a
resonator and of a laser. This type of resonator is used in vertical-cavity surface-
emitting lasers (Sect. 22.7).

e Waveguide Fabry—Perot resonator. It has two plane reflectors oriented parallel to
each other. Within the Fabry—Perot resonator, the light is guided by an optical
waveguide structure. This type of resonator is used in edge—emitting semiconduc-
tor lasers (Sect. 20.5) and fiber lasers (Sect. 15.7).

e Cavity resonator (Chap. 10). The cavity resonator has metallic walls. It is used as
resonator of semiconductor lasers of the far infrared and of microwave lasers.

e Photonic crystal resonator (Chap. 25). A reflector of a photonic crystal resonator
can consist of periodically arranged materials of different refractive indices. The
photonic crystal resonator can be a Fabry—Perot-like resonator or a cavity-like
resonator. Photonic crystal resonators are becoming more and more important of
a variety of lasers, e.g., of microlasers and nanolasers.

The design of mirrors of a laser resonator depends on the availability of materials of
mirrors. We mention a few types of mirrors:

e Ideal mirror (Sect. 3.4). The ideal mirror is lossless; its thickness is infinitely
small; it is able to divide an incident wave in a reflected and a transmitted wave.
We can choose the reflectivity of this model mirror. We will make use of the model
mirror to describe main properties of a Fabry—Perot resonator (this chapter) and
of resonators with curved mirrors (Chap. 11).

e Crystal surface. A crystal surface is able to divide, without loss, an optical wave in
a reflected and a transmitted wave. However, the reflectivity at normal incidence
is much smaller than unity. GaAs crystal surfaces are nevertheless suitable as
reflectors of semiconductor lasers (Sect. 20.5).

e Dielectric multilayer mirror (Sect. 25.7). A stack of dielectric quarter-wavelength
layers represents a dielectric multilayer mirror that can be designed as an almost
lossless reflector with a reflectivity very near to unity (e.g., R = 0.999) for vis-
ible radiation or as a lossless partial reflector with a reflectivity that we can
choose.

e Metal mirror. A metal mirror has a relatively low reflectivity and large absorp-
tivity for visible radiation and is not suitable as mirror of a laser that generates
visible radiation—a silver mirror shows a reflectivity of 0.95 and an absorptivity
of 5% for red light. Metal reflectors are in use as reflectors of infrared radiation
at wavelengths larger than several micrometers. Metal films are not suitable as
partial reflectors because the absorptivity of a metal film is much larger than the
transmissivity (see Problems 25.17 and 25.18).

In Chap. 25, we will discuss various mirrors and methods used for realization of
feedback and we will describe a method which is suitable to calculate properties of
multilayer reflectors. In this chapter we treat the Fabry—Perot resonator.
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3.2 V Factor and Related Quantities

We first study an empty Fabry—Perot resonator that has a reflector (reflectivity = 1)
and a partial reflector (reflectivity R) as described in Sect. 2.4. Radiation starting at
time ¢t = 0 and performing many round trip transits through a resonator propagates
during the time ¢ over a total distance d = cf. We can write

Z(d) = Zye b, (3.1)

Z is density of photons after propagation over the distance d, Z is the photon density
atd = 0 and

2L
—InV

Iy = ¢ty = (3.2)

is the average path length of a photon in the resonator. During its lifetime in the
resonator, a photon propagates over the distance /,. We introduce the effective number

Seff = lp/2L of round trip transits of a photon. After s.f round trip transits, the photon
density decreases to Zy/e. We obtain the relations

I 1
o _ (3.3)
2L —InV T

Seff =

Besides Z and u, also the total number Zaja, L of photons in the resonator and
the total energy Zaja,Lhv in the resonator decrease exponentially with the photon
lifetime .

The quality factor Q (=Q factor =Q value) of a resonator is equal to 27 times the
ratio of the energy stored in the resonator and the energy loss per oscillation period.
It follows that the Q factor of a Fabry—Perot resonator is given by

u X ayaL oT 2l

=2ml % = WT, = =
0 u X alaerp*l x T P vV —hvV

=2mlses.  (3.4)

The Q factor is equal to the product of the order / of the resonance and the effective
number of round trip transits of a photon through the resonator, multiplied by 2.
We summarize the relations of the V factor and other quantities:

7, = T/(—1In V) = lifetime of a photon in the resonator.

I, =2L/(—In V) = path length of a photon in the resonator.

Seff = 1/(—In V') = number of round trip transits of a photon within the resonator.
Q0 =2xl/(—InV) = Q factor.

T is the round trip transit time, L the length of the resonator, and / the order of
resonance. If V has a value near unity (1 — V < 1), the expansion of InV in a
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Table 3.1 Lifetimes of photons in laser resonators

Laser A L(m) | T(s) Vilvil | 5 (s) 2 [T’—/g]
HeNe 632nm 0.5 3.3 x107° 0.99 3.3 x 1077 100
CO, 10 pm 0.5 3.3 x107? 0.9 3.3 x1078 10
Nd:YAG |1.06 um | 0.5 3.3x107° 0.9 3.3 x 1078 10

TiS 830nm 0.5 3.3 x107° 0.9 33x 1078 10
Fiber 1.5 pm 10 6.7 x 10~8 0.5 1077 14

e 840nm 1073 | 24x 10711 [0.33] 2.4 x 1071 [0.9]
QCL 5 um 1073 | 24 x 1071 0.9 2.4 x 10710 10

Taylor series yields
—lnV=1-V. (3.5)

In the case that the output coupling loss is the main loss and that only a small
portion of radiation is coupled out per round trip transit, | — R < 1, we obtain the
relations:

e V=R.

7, =T/(=InR) = T/(1 — R) = lifetime of a photon in the resonator.

I, =2L/(=InR) =2L/(1 — R) = path length of a photon in a resonator.
Sefft = 1/(—In R) = 1/(1 — R) = number of round trip transits.

Q0 =2xl/(—InR) =2nl/(1 — R) = Q factor.

Table 3.1 shows data of lifetimes of photons in different laser resonators. The
lifetimes differ by several orders of magnitude and correspond to ten to hundred
round trip transits through a resonators. There is an exception: a semiconductor
laser is, in principle, able to operate if the surfaces of a semiconductor act as laser
mirrors. A reflectivity of R = 0.33 of each of the surfaces (of a GaAs semiconductor
crystal) corresponds to a photon lifetime 7, = 0.97 /2. The V factor at a single transit
is Vi = 0.33 and the laser threshold condition V;G| = 1 requires a threshold gain
factor G| = 3 at a single transit of the photons through the resonator.

3.3 Number of Photons in a Resonator Mode

The energy of radiation in a mode of a resonator is quantized (Fig. 3.1) and assumes
the values

E,=nx hv, (3.6)
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Fig. 3.1 Number of photons E,.4
in a mode

—®— n-=3

hv |-

0 (-

Fig. 3.2 Laser mirror mirror

g

FEO TEO
with n =0, 1, 2, ...; we neglect the zero point energy. The occupation number n

is equal to the total number of photons in a single-mode resonator. The photon
occupation number of a mode of a rectangular Fabry—Perot resonator is Zaja, L,
where Z is the average photon density.

3.4 1deal Mirror

We characterize a mirror by the complex reflection coefficient 7 and the complex
transmission coefficient 7 (Fig. 3.2). A plane wave

EV = At (3.7
incident on a mirror is partly reflected and partly transmitted. The reflected field is

E® = FA i@k (3.8)
and the transmitted field is

EO =fA i@k, (3.9)

We introduce an ideal mirror as a mirror of negligible thickness. The reflectivity of
the mirror is

|ED)?

— 172
= Eop = |F| (3.10)
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and the transmissivity of the mirror is

[EO2
== =% (3.11)
|EO2

The sum of reflectivity and transmissivity of a lossless mirror is unity, R + T, = 1.
(We use the subscript m to characterize the mirror transmissivity 7y, to avoid a
confusion with the round trip transit time 7'.) We can write the reflection coefficient
in the form 7 = re'?, where r = /R is the amplitude reflection coefficient and ¢ the
phase between reflected and incident wave. A reflector with the reflectivity R = 1
has a reflectivity coefficient 7 = e = —1, i.e., the field at z = 0 (location of the
mirror) has opposite direction relative to the incident field. Radiation that is reflected
from a partial mirror, with a reflectivity smaller than unity and a finite transmissivity,
shows a phase shift g that differs from 7.

3.5 Fabry-Perot Interferometer

A Fabry—Perot interferometer (Fig. 3.3) consists of two plane parallel partial
reflectors—of infinite lateral extensions—at a distance L. We consider an inter-
ferometer with two equal mirrors at z = 0 and z = L. Due to multiple reflections
within the interferometer, a plane wave incident on the interferometer is split into an
infinite number of plane waves. We treat the case that the propagation direction of
the radiation is parallel to the interferometer axis. Then, the partial waves transmitted
by the interferometer add to the transmitted field

EV =E\+ Ey+ Es+...= "7 (1 +7e” + #e™ 4 ...) A (3.12)
where
8=k x2L+2¢p =2wL/c+2¢ (3.13)
L
_'_'_’_F:—
—— E1
—
—— ‘E'2
=]
— E3
—r

Fig. 3.3 Fabry—Perot interferometer
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is the phase difference between two successive partial waves and ¢ is the phase
change due to reflection at a mirror. The partial waves (described by a geometric
series) add to the plane wave

~ it .
o _ ilwr—k(z—L)]

The transmissivity of the Fabry—Perot interferometer is given by

|EV? Ta
[E®2 14 R2—2Rcos§’

(3.15)

Tep =

where E® = A el’~%9 is the incident plane wave, T, is the transmissivity, and R
the reflectivity of a mirror. With cos § = 1 — 2sin® §/2, we obtain the Airy formula

T2 1
T = (1 —mR)2 1 +4R(1 — R)2sin?(8/2) (3.16)
The maximum transmissivity is equal to
T2
Tep max = ﬁ, (3.17)
obtained for
S =Ilx2m; I=1,2,.... (3.18)
The maxima appear at the frequencies
v,:lxi+%i; I=1,2, ... (3.19)
The frequency distance between next—near maxima is the free spectral range
Avy = — (3.20)

2L
The halfwidth (full width at half maximum; FWHM) of the Airy curve is equal to

A v 1—R c
Vies = — = X —.
CTUF T gJR 2L

(3.21)
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The quantity

(3.22)

is the finesse of the Fabry—Perot interferometer. The halfwidth is independent of the
order of resonance.

In the case that the Fabry—Perot mirrors are lossless, 7, = 1 — R, the maximum
transmissivity is unity and the transmissivity of a Fabry—Perot interferometer is given
by

1
" 144R(1 — R)2sin?5/2

Trp (3.23)

Figure 3.4 shows the transmissivity of the Fabry—Perot interferometer for different
values of the reflectivity R.

e R =0.1. This case corresponds to a simple plane parallel plate, R = (n — 1)?
(n 4+ 1)=2 = 0.1forn = 1.9; application: low-Q resonator, suitable for wavelength
selection of a single-mode laser (Sect. 12.3).

e R = 0.3. This case corresponds to a GaAs plate for radiation at a wavelength
of 800nm (n = 3.6; R = 0.33); application: low-Q resonator of semiconductor
lasers.

e R = 0.8. Such a Fabry—Perot interferometer shows already Lorentzian resonance
curves (see next section).

A Fabry—Perot interferometer can be used as an optical frequency analyzer. The
Fabry—Perot interferometer mainly transmits radiation of frequencies around v;, vy 1,
... and mainly reflects radiation at frequencies in the ranges between the resonances.
At resonance, the transmissivity is unity. The resolving power,

(£-1)-2n ¢-2n 5 (£+1)-2n

Fig. 3.4 Transmissivity of a Fabry—Perot interferometer
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vrCS _ )"I”CS

= =I[F, (3.24)
AvVreg Adles

is equal to the product of the order of resonance and the finesse; v is a resonance
frequency, Avys the halfwidth of the transmission curve on the frequency scale,
Ares = Vres/C the resonance wavelength, and AA. the halfwidth on the wavelength
scale. The free spectral range (on the frequency scale) is equal to ¢/2L.

3.6 Resonance Curve of a Fabry—Perot Resonator
We can consider a Fabry-Perot interferometer as a Fabry-Perot resonator with two
equal mirrors. The resonance frequencies are

w:lxi; 1=1,2,.... (3.25)

The halfwidth

vy 1—R c
pun— X —
IF  7/R 2L

Avpes = (3.26)

of the resonance curve is, as already mentioned, independent of the order of reso-
nance. If the reflectivity is near unity, +/ R =& 1, the halfwidth is given by

1—-R 1
AVpes = = . (3.27)
nT 27Ty

T = 2L /c is the round trip transit time of the radiation and

T (3.28)
Ty = ——————— .
P72 =R)
is the photon lifetime. If R & 1, the Q factor is equal to
Q vy l (3 29)
res = = = W Th. .
ST Aves 1—R P

The values of 7, and of Q. are half the corresponding values of a Fabry—Perot
resonator that consists of a reflector with a reflectivity of unity and another reflector
with a reflectivity R.

We consider the transmissivity of a Fabry—Perot resonator at frequencies in the
vicinity of a resonance. We expand the sine function in the denominator of (3.23),
sin (§/2) = lx (v — v;)/v;. We find
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Av?2 1
Trp = Dres , (3.30)
4 (v—v)2+(AvZ /4)

res

which we write as

Trp = gr(v), (3.31)

where

AVpes 1
2 (v — Vres)2 + (Avres/2)2

gL(v) = (3.32)

is the Lorentzian function (=Lorentz resonance function). It has the properties:

Vres = resonance frequency.

Aves = halfwidth of the resonance curve.
gL(VO) = z(nAvres)71 ~ 0-64/Avres~

fooo gL(v)dv = 1.

Our treatment shows that the resonance curve of a Fabry—Perot resonator (for R
near unity) is a Lorentzian, and that the halfwidth of the resonance curve is Avs =
1/27m tp. The width of the resonance curve is determined by the lifetime of a photon
in the resonator.

There is an essential difference between a Fabry—Perot interferometer and a Fabry—
Perot resonator:

e A Fabry—Perot interferometer has an infinite lateral extension.

e A Fabry—Perot resonator has finite lateral extensions, with the consequence that
specific mode patterns occur (Sect. 11.6) and that diffraction plays an important
role (Sect. 11.8).

3.7 Fabry-Perot Resonator Containing a Gain Medium

The field transmitted by a Fabry—Perot resonator containing a gain medium s given by
EO ="iiG g (1 + G pr’e® + Gl prie™ + .- -) A ™9, (3.33)

G g is the single-pass gain factor of the field. We assume that G g is real and that
GiR = G%’Err* = GR is smaller than 1. We obtain the transmissivity of a Fabry—
Perot resonator containing an active medium:

G(1 — R)? y 1
(1 — GR)? 1+4GR[(1 — GR)2 sin® (8/2)]

Tip = (3.34)
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Fig. 3.5 Fabry—Perot 10 -
resonator containing an
active medium T'FP.max : self-excited
oscillation
1 3
0 : for
Av'res Gt
AVies
>
GR
The transmissivity (for | — R < 1) is given by
AvE [/2)?
(Avies/2) (3.35)

T = Th .
FP FP,max (V _ U1)2 + (Al);.keg/z)z
The transmission curve has Lorentzian shape. The halfwidth is equal to

_1-GRc _1-GR

Avi = = 3.36
Vres 7 2L xT (3:36)
The maximum transmissivity (for § = [ x 2m) is given by
G(1 - R)?
T4 ( ) (3.37)

FP,max — m :

The maximum transmissivity of a Fabry—Perot resonator containing an active
medium (Fig. 3.5) is larger than unity. Incident radiation is amplified. The transmis-
sivity becomes infinitely large for GR — 1. The halfwidth of the resonance curve
decreases with increasing GR and approaches zero for GR — 1.If GR > 1, a Fabry—
Perot resonator with an active medium is able to perform a self-excited oscillation—
an oscillation starts from noise and is self-sustained. We will show later (Sect. 8.9)
that the halfwidth of the spectral distribution of radiation generated in a resonator
containing an active medium can be very small but is always nonzero.

We mention that a quasiclassical oscillator can also generate radiation with
Lorentzian lineshape (Chap. 31, Fig. 31.3b).

Example Fabry—Perot resonator (R} = R, = R = 0.9) containing a gain medium
(G = 1.1). The peak transmissivity is Tgp . = 120 and the width Av} = 0.01/7T
in comparison to Aves = 0.1/ T.

References [1, 8, 9, 26, 28-30, 310].
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Problems

3.1 Number of modes of a resonator. How many modes of a Fabry—Perot resonator
of 1 cm length belong to the visible spectral range?

3.2 Photon lifetime. A resonator (length 10cm) has loss due to output coupling
via a partial mirror (R = 0.9). Determine: V factor; number of round trip transits of
the radiation in the resonator; lifetime of a photon in the resonator; path length of a
photon during the lifetime in the resonator; Q factor of the resonator.

3.3 Resonator with air. A Fabry—Perot resonator of a length L = 0.5 m operates,
for visible radiation near 600 nm, in vacuum or in air (refractive index n = 1.00027).

(a) Evaluate the frequency difference between next—near resonances.
(b) Determine the change of the mode separation if the resonator, originally in
vacuum, is flooded with air.

3.4 Energy density of radiation in a Fabry—Perot resonator.

(a) Evaluate the average energy density of a quasiplane standing wave in a Fabry—
Perot resonator.

(b) Show that the average energy density is twice the energy density (averaged over
time and space) of two beams of light propagating in opposite directions.

3.5 Laser with two output coupling mirrors. A resonator with two output coupling
mirrors (reflectivities R; = R, = R, with R — 1 « 1) emits radiation in two opposite
directions. Determine the V factor and the photon lifetime.

3.6 Photon density. Relate the average density of photons in a Fabry—Perot res-
onator and the average density of photons in the light beam outside the resonator for
the following two cases.

(@) Ry =1and R, = R.
() Ri=R,=R.

3.7 Evaluate the reflectivity of a symmetric lossless Fabry—Perot interferometer
(Ri =R, =R).

3.8 Determine the transmissivity (Airy formula) of an asymmetric Fabry—Perot
interferometer.

3.9 Fabry-Perot interferometer with absorbing mirrors.

(a) Determine the transmissivity (Airy formula) and the maximum transmissivity
of a symmetric Fabry—Perot interferometer with two absorbing mirrors.

(b) What is the condition, with respect to the absorptivity of the mirrors, that the
maximum transmissivity of the Fabry—Perot interferometer is larger than 0.98?
[Hint: the sum of the transmissivity Ty, the reflectivity R, and the absorptivity
Ay, of a mirror is unity.]
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3.10 Fabry-Perot interferometer at obliquely incident radiation.

(a) Determine the resonance condition of a symmetric Fabry—Perot interferometer
if the direction of incident radiation has an angle 6 relative to the interferometer
axis.

(b) Determine the resonance condition assuming that the interferometer is a plane
parallel plate.

3.11 Determine the reflectivity of a plane surface of a dielectric medium from Fres-
nel’s formulas of normal incidence (see Problems to Chap. 2).

3.12 Determine the mode spacing for different Fabry—Perot resonators: L = I m
n=1);L=10cm(n =1); L=10pum (n = 3.6).

3.13 A Fabry—Perot interferometer with nonabsorbing mirrors has, for radiation at
a resonance frequency, a transmissivity of 1 although the entrance mirror can have,
for itself, a reflectivity of, for instance, 99%. Why do the boundary conditions of the
incident wave not require that a portion of radiation is reflected at the entrance mirror?
[Hint: sketch the incident field and the field that propagates within the interferometer
for a moment of strong field strength at the position of the entrance mirror and
compare the situation with the case that radiation is reflected at a single mirror rather
than at a resonator.]

3.14 Resonance frequencies of a Fabry—Perot interferometer. Determine the
resonance frequencies of a Fabry—Perot interferometer, taking account of phase
changes at the mirrors; suppose that radiation is propagating along the axis of the
interferometer.

(a) Show that the resonance condition leads to the frequencies v, = v;(1 + ¢r/27),
where gr = 27 — (¢r1 + @r2) and @r; and g, are the phase changes due to
reflection at the two mirrors (R1 and R2).

(b) Show that the frequency distance between next-nearest modes is the same for
or 7 0as for g = 0.

(c) Show that the resonance wavelengths are equal to multiples of A.


http://dx.doi.org/10.1007/978-3-319-50651-7_2

Chapter 4
The Active Medium: Energy Levels
and Lineshape Functions

We present a characterization of active media with respect to energy levels and line
broadening. We make a distinction between two-level based lasers and energy-ladder
based lasers.

In a two-level based laser, stimulated transitions occur between two levels of an
atomic system. A two-level system of a particular atom or molecule is a subsystem
of the energy levels of the atom or the molecule. We characterize the two-level based
lasers as: four-level lasers; three-level lasers; two-level lasers; two-band lasers; and
quasiband lasers. All presently operating lasers except free-electron lasers can, in
principle, be described as two-level based lasers.

In an energy-ladder based laser, stimulated transitions occur between levels of
energy-ladder systems. The (yet hypothetical) Bloch laser (Chap. 32) belongs to this
type. We will make use (Chap. 19) of the concept of an energy-ladder based laser to
illustrate properties of free-electron lasers.

Line broadening can be due to homogeneous or inhomogeneous broadening. We
discuss the Lorentzian and Gaussian lineshape functions. We describe the classical
oscillator model of an atom and the natural line broadening.

Finally, we introduce low-dimensional active media. In a low-dimensional
medium, the free motion of electrons is spatially restricted. There are two-dimensional
media, with electrons moving along a plane, or one-dimensional media, with elec-
trons moving along a line. The strongest restriction occurs in a zero-dimensional
medium—all three dimensions are restricted (like in an atom). The classification
as three-, two-, one-, and zero-dimensional media concerns semiconductor lasers.
The most important semiconductor lasers—quantum well lasers—operate with two-
dimensional active media.

© Springer International Publishing AG 2017 57
K.F. Renk, Basics of Laser Physics, Graduate Texts in Physics,
DOI 10.1007/978-3-319-50651-7_4
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Fig. 4.1 Types of laser. (a) E» (b)t+2 — 1
a Two-level based laser. hv E
b Energy-ladder based laser E P 10
1 4 ———
{
hv
e ———————
£-2

4.1 Two-Level Based and Energy-Ladder Based Lasers

A two-level based laser contains two-level atomic systems. Coherent radiation is
generated by stimulated transitions between the upper and the lower laser levels of
two-level systems (Fig.4.1a). Quantities characterizing a two-level system are:

e FE, =energy of the upper laser level
e E| =energy of the lower laser level
e E, — E| =transition energy

e vy = (E, — E;)/h =transition frequency =atomic resonance frequency

The laser frequency has a value at or near the transition frequency,
VL ~ 1. (4.1)

We will characterize the two-level based lasers according to the number of different
levels involved in transitions in a laser medium (Sects.4.2 and 4.3). A two-level
system is a subsystem of the energy level system of an atom or a molecule. All
presently operating lasers—except free-electron lasers—are two-level based lasers.
An energy-ladder based laser contains energy-ladder systems. A free-electron in
a spatially periodic field executes oscillations (free-electron oscillations). According
to an energy level description, an oscillating free-electron forms an energy-ladder
system and occupies one of the levels of the energy-ladder system. Stimulated emis-
sion of a photon by the oscillating electron corresponds to a stimulated transition
between next-near energy levels of the energy-ladder system (Fig.4.1b). The energy
levels are equidistant,
E =1Ey, 4.2)

where [ is an integer, Quantities characterizing an energy-ladder system are:

e E, =energy distance between next-near levels =transition energy.
e vy = Ey/h =transition frequency =resonance frequency of the electron oscilla-
tion.
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The laser frequency vr, of an energy-ladder based laser is slightly smaller than the
resonance frequency,
VL < V. (4.3)

We will describe the (yet hypothetical) superlattice Bloch laser (Sect.32.8) as an
energy-ladder based laser. We will furthermore show that the free-electron laser can,
in principle, be interpreted as an energy-ladder based laser (Sect. 19.17).

4.2 Four-Level, Three-Level, and Two-Level Lasers

In a four-level laser (Fig.4.2), a pump excites atoms, molecules, or other atomic
systems from the ground state level (level 0) to an excited state level (level 3 =pump
level). Relaxation leads to population of the upper laser level (level 2). Stimulated
emission by 2 — 1 transitions results in a population of the lower laser level (level 1).
Depopulation of the lower level occurs by relaxation to the ground state. We have
three relaxation processes, namely 3 — 2, then 2 — 1, and 1 — 0. We assume that
the relaxation 3 — 2 is very fast. We ignore other relaxation processes (e.g., 2 —
0). Continuous pumping maintains a permanent population inversion (N > Ny) if
the relaxation time T of the upper laser level is larger than the relaxation time
of the lower laser level,

5 > Trel 4.4)
Without stimulated emission, the population of the upper level is equal to the product
of the pump rate r and the relaxation time %,

N, = rtf,. (4.5)

Pumping of a four-level laser medium creates two-level atomic systems; a two-
level atomic system is either in its ground state (level 1) or in its excited state (level 2).

Fig. 4.2 Four-level laser pump level
(principle) 3 + Es
relaxation
Tn N
2 rel 2 = E2
o g
=1 =.2 || hv
£ relaxation =%
a N EE
T - Y
1 rel 1 E1
relaxation
=

ground state
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Table 4.1 Relaxation times of laser levels

4 The Active Medium: Energy Levels and Lineshape Functions

Laser A T Trel

HeNe 633nm 100ns 10ns
CO, 10.6 pm 5s <5s
Nd:YAG 1.06 pm 230 ps <« 230 ps
TiS 790 nm 3.8 s 10712
QCL 5 pm 107 s 10-125

The density of two-level atomic systems, N, + Ny, increases with increasing pump
strength. Population inversion in the active medium of a four-level laser medium
occurs already at the smallest pump rate.

The maximum efficiency of conversion of a pump quantum (energy E; — Ep) to
a laser light quantum (energy Av) is the quantum efficiency

hv Ez — E1
E; — Ej E; — Ey

The quantum efficiency is very small (nq < 1)if E; — Ey < E3 — Ej. Then, alarge
portion of the pump energy is converted to relaxation energy and therefore to heat
(or to radiation produced by spontaneous emission). The quantum efficiency is near
unity if the pump level lies only slightly above the upper laser level and if, at the
same time, the lower laser level lies only slightly above the ground state level.

Table 4.1 shows values of relaxation times of upper and lower laser levels of a few
laser materials. The relaxation times differ by many orders of magnitude. The relax-
ation 2 — 1 can be due to spontaneous emission of radiation or due to nonradiative
relaxation. Relaxation of the lower level can also be due to spontaneous emission
of radiation or due to nonradiative relaxation, that is, by a radiationless transition.
We will specify the relaxation processes later in connection with the discussion of
specific lasers. The lasers mentioned in the table can operate as continuous wave
lasers (7,5 > Trel)

Optical transitions between two discrete energy levels lead to fluorescence lines
and absorption lines that have finite linewidths (Sect. 4.4); the notation fluorescence
is used for photo luminescence (=optically excited luminescence).

Many laser media have levels with energy distributions. A pump band has, in
comparison to a single pump level, the advantage that a lamp that emits radiation in
a broad spectral range can pump a laser. In the case of pumping with another laser,
radiation of different frequencies is suitable for pumping.

Examples of four-level lasers: neodymium YAG laser; titanium—sapphire laser.

We are dealing with a three-level laser if the pump level coincides with the upper
laser level (Fig.4.3a). This type of three-level laser is a special case of the four-level
laser. For another type of three-level laser (Fig. 4.3b), the lower laser level is identical
with the ground state level. We denote it as ruby laser type. Population inversion
requires that more than half of the atoms are in the excited state. Accordingly, the
transparency density of a ruby laser type is given by
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(a) 2 - N, (b) 3—
v
1 N, 2 N,
hv
0 Ny 0,1 Np =N,

Fig. 4.3 Three-level lasers. a Three-level laser with coinciding pump and upper laser level. b Ruby
laser type

Ny = No/2. 4.7)

Ny is the density of impurity ions in a crystal.

In a two-level laser only two atomic energy levels play a role.

Example of a two-level laser: the ammonia (NH3) maser [32]. To obtain popula-
tion inversion, long-lived excited molecules are permanently injected into a resonator
where stimulated emission processes occur. The molecules leave the resonator spa-
tially. The upper laser level is 35 L eV above the ground state level. Ammonia gas in
a box contains NH3 molecules in the ground state and in the excited state. A hole in a
box with NHj gas at room temperature is the source of a molecular beam consisting
of excited and nonexcited NH; molecules. The molecular beam traverses an atomic
filter that separates the excited molecules and the nonexcited molecules. The atomic
filter consists of an inhomogeneous field (an electric quadrupole field) that exerts
forces on the molecules due to their electric dipole moments. The magnitude of the
dipole moment of a molecule in the excited state differs from that in the ground state.
Therefore, the forces lead to a spatial separation of the molecules. The excited mole-
cules pass the resonator and deliver, via stimulated emission, the excitation energy
to the laser field in the resonator. The ammonia laser was the first microwave maser
(frequency near 24 GHz).

4.3 Two-Band Laser and Quasiband Laser

A two-band laser medium has (besides other energy levels or energy bands) a lower
energy band (band 1) and an upper energy band (band 2), separated by an energy
gap (Fig.4.4a). The gap energy is E,. Without pumping, almost all energy levels
belonging to the lower band are full and all energy levels of the upper band are
empty. We suppose that E, is much larger than kT so that thermal excitation from
the lower to the upper band can be ignored.

Pumping—injection of electrons into the upper band and extraction of electrons
from the lower band (Fig.4.4b)—results in a quasithermal population of energy
levels in the upper band and in empty levels of the lower band. The electrons in the
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Fig. 4.4 Two-band laser. a Energy bands. b Laser principle

Table 4.2 Relaxation times of laser levels of two-band laser media and quasiband laser media

Laser A (pm) Trtl Tintra (S)
Semiconductor 0.4-2 1-5ns 10-13
Fiber 1-2 10725 10-13

upper band undergo fast intraband relaxation. The population in the upper band is
in a quasithermal equilibrium, which is determined by the lattice temperature of the
active medium. The populated levels have energies near the minimum of the upper
band. The width of the energy distribution of populated levels is ~ kT (or larger at
strong pumping). Energy levels near the energy minimum of the upper band have
the largest population. The energy distribution of populated levels in the upper band
is governed by Fermi’s statistics.

The population in the lower band is also in a quasithermal equilibrium, corre-
sponding to the lattice temperature of the active medium. The empty levels have
energies near the maximum of the lower band. The width of the energy distribution
of empty levels is ~ kT (or larger at strong pumping). Energy levels near the maxi-
mum of the lower band have the lowest population. Fermi’s statistics determines the
energy distribution of populated levels in the lower band too.

Quasithermal means that the population within an energy band has a thermal
distribution according to the lattice temperature of the active medium—>but that the
population of the upper energy band is, relative to the population in the lower energy
band, far out of equilibrium. Stimulated transitions from occupied levels in the upper
band to empty levels in the lower band are the source of laser radiation. Establishment
of a quasiequilibrium in the upper band and establishment of a quasiequilibrium in
the lower band are due to the interaction of electrons with phonons, that is, due to
electron—phonon scattering.

Table 4.2 shows relaxation times: the intraband relaxation time Tjy, 1S much
smaller than the interband relaxation time t%,. Interband relaxation in an active

rel*
medium is mainly due to spontaneous emission of radiation.
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Fig. 4.5 Quasiband laser. a

Quasiband. b Laser principle 4 quasiband
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vacuum level

The quasiband laser represents a model of a glass fiber laser. The active medium
(Fig.4.5a) contains excited-impurity quasiparticles in a quasiband. The quasiband
lies ~ 1eV above a vacuum level. The width of a quasiband of an impurity-doped
glass can have a value of 10-100meV. Optical pumping via transitions from the
vacuum level to the quasiband creates quasiparticles (Fig.4.5b). Annihilation of
quasiparticles via stimulated transitions from the quasiband to the vacuum level is
the origin of laser radiation. The quasiparticles in the quasiband have a quasithermal
distribution determined by Fermi’s statistics; for relaxation times, see Table 4.2. The
quasiband model will be described in Chap. 18.

Examples Two-band lasers: all bipolar semiconductor lasers.

Quasiband lasers: erbium-doped fiber laser; other fiber lasers and fiber amplifiers
(Sect. 15.7 and Chap. 18).

Two-quasiband lasers (with the active medium having a lower and an upper quasi-
band): organic and polymer lasers (Sect.34.4).

4.4 Lineshape: Homogeneous and Inhomogeneous Line
Broadening

We use the notation “lineshape” in different ways:

e Lineshape of a luminescence line.

e Lineshape of an absorption line =absorption profile = shape of an absorption coef-
ficient =slope of otyps (V).

e Lineshape of a gain curve =gain profile =shape of a gain coefficient =shape of
a(v).

We characterize the lineshape of a line that is due to transitions between two levels
of an atomic system by:

e vy =center frequency of a line.

o Ay =linewidth = halfwidth = full width at half maximum (FWHM).

e The lineshape function g(v) with the normalization fooo g()dv =1 or, alterna-
tively, g(v) with the normalization g(vy) = 1.


http://dx.doi.org/10.1007/978-3-319-50651-7_18
http://dx.doi.org/10.1007/978-3-319-50651-7_15
http://dx.doi.org/10.1007/978-3-319-50651-7_18
http://dx.doi.org/10.1007/978-3-319-50651-7_34
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Fig. 4.6 Homogeneous and inhomogeneous line broadening

There are many different mechanisms responsible for lineshapes. Accordingly,
there is a large number of different lineshapes. We divide the lineshapes as lineshapes
due to homogeneous broadening and lineshapes due to inhomogeneous broadening.

A homogeneous line broadening occurs if all two-level atomic systems have the
same lineshape function gpom (V) =g’ = g@ = ... = g™, where N is the number
of atomic systems (Fig. 4.6, left). The atomic resonance frequency vy is the same for
all two-level atomic systems.

In the case that a line is inhomogeneously broadened (Fig. 4.6, right), each two-
level atomic system of an ensemble has its own resonance frequency. The linewidth
of the ensemble is larger than the transition linewidth of a single two-level atomic sys-
tem. We can regard an inhomogeneously broadened line (with the lineshape function
ginh and the center frequency vy) as composed of homogeneously broadened lines
with the frequencies vy 1, Vg 2, . . ., Vo, n of different two-level systems.

Examples of homogeneous line broadening: collision broadening in gases
(Sect. 14.2) and vibronic line broadening of the transition in Ti**:Al,03 used for
operation of the titanium—sapphire laser (Chap. 5; Sects. 7.6 and 15.2; Chap. 17).

Example of inhomogeneous broadening: Doppler broadening of transition lines
in gases (Sect. 14.1).

4.5 Lorentz Functions

An important lineshape function is the Lorentz resonance function (Fig.4.7),

AUO 1
2 (vo — V)2 + Av3/4’

gL(v) = gL,res(v) = (4.8)


http://dx.doi.org/10.1007/978-3-319-50651-7_14
http://dx.doi.org/10.1007/978-3-319-50651-7_5
http://dx.doi.org/10.1007/978-3-319-50651-7_7
http://dx.doi.org/10.1007/978-3-319-50651-7_15
http://dx.doi.org/10.1007/978-3-319-50651-7_17
http://dx.doi.org/10.1007/978-3-319-50651-7_14
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Fig. 4.7 Lorentz resonance function (Lorentzian lineshape function)

where vy is the resonance frequency and Ay, the halfwidth (full width at half maxi-
mum, FWHM). We suppose that we are dealing with a narrow line. Then, the integral
over the Lorentz resonance function, from zero to infinite, is approximately equal to
unity,

/ gL,res(V)dv = 1. 4.9)
0

The maximum value is equal to

2 064
TAvy  Avy

8Lres(Vo) = (4.10)

The peak value of the Lorentz resonance curve is equal to the inverse of the
halfwidth of the curve (times 2/7); with decreasing halfwidth, the Lorentz resonance
curve narrows.

) = < o N () @.11)
8L.disp(V) = — = 8L,res(V). .
b T (2 —v2)’ 4 Avgja An/2

We write the Lorentz resonance function, normalized to unity at the line center,
in dimensionless units:

_ (Avo/vo)*/4
res(V/ Vo) = . 4.12
BLres(1/10) (1 = v/vg)? + (Avg/vp)? /4 12
The corresponding Lorentz dispersion function is equal to
. (vo —v)(Avy/2) 1 —v/v _
gL,disp(v/VO) - = gL,res(v/v0)~ (413)

(Vo — 1)* + (Avg)? /4 Awg/2wg

The Lorentz resonance curve (Fig. 4.8, upper part) is symmetric with respect to the
resonance frequency vy, while the Lorentz dispersion curve (Fig.4.8, lower part) is
antisymmetric. The Lorentz dispersion curve is zero at v =y, and has extrema at the
frequencies vy &= Avy/2. The extrema of gp gisp are equal to & 0.5.
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Fig. 4.8 Lorentz functions. a Lorentz resonance function. b Lorentz dispersion function

The Lorentz resonance function on the w scale is given by

Aa)() 1
21 (wy — )+ Aw} /4’

8L, res (C()) = (4 14)

We have the relation, because of g(w)dw = g(v)dv, ® = 2w v and f g(w)dw =1,

8Lres(V) = anL,res(w)- (4.15)

On the w scale, the Lorentz resonance function, normalized to unity at the line center,
has the form

_ Awy Aa)(% /4
W) = w) = . 4.16
gL,res( ) D) gL,res( ) (0)0 — 60)2 + Aa)g/4 ( )
The corresponding Lorentz dispersion function is
_ b AYON (wo — w)Awy/2
o () = iso (@) = . 4.17
BLag(@) = =5 BLawle) = C B @.17)
The Lorentz resonance function on the energy scale is given by
AEy 1
8L.res(hV) = (4.18)

2w (Ey —hv)? + AE} /4’
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Fig. 4.9 Lorentz resonance function on the energy scale

where we have the quantities:

AEy = A Ep; = hAvg = halfwidth of the line on the energy scale.
E, = E, — E| =transition energy.

vo = E»/h = (E, — E})/h =transition frequency.

hv =quantum energy of the photons in a radiation field of frequency v.

The relation gp res(V)dV = gL res(hv)d(hv) leads to

1
gL,res(hV) = ZgL,res(V)' (4.19)

Because of line broadening, the photon energy iv (Fig. 4.9) does not need to coincide
with the transition energy Ej;.

The Lorentz functions we presented describe narrow resonance lines, Awy < wy.
Otherwise we have functions that we call general Lorentz functions. The general
Lorentz resonance function is given by

wAwy

G res(®) = '
Lores (@) (@} — )2 + (0Awy)?

(4.20)

The general Lorentz resonance function normalized to 1 at the line center is equal to

azx

Gpres(x) = A= 1

4.21)

where x = w/wy = v/vpanda = Awy/wy = Avy/vog = AEy/Ey. The Lorentz res-
onance function increases proportionally to frequency at small frequencies, w < wy,
and decreases inversely proportional to the third power of the frequency at large fre-
quencies, o > wy (Fig.4.10, upper part); the relative halfwidth of the curves in the
figure is a = 0.03.
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Fig. 4.10 Lorentz resonance function and Gaussian distribution function

4.6 Gaussian Lineshape Function

Line broadening can lead to a Gaussian lineshape described by

2 (In2\'? In2 (v — vp)?
o) = 2 (12) [ 20 ow7)

4.22
Avy \ 7 AvE /4 (4.22)

where vy is the center frequency and Ay the half width. The maximum value is

2 [In2

V, = —
g6 (vo) vV 7

0.94

~ —

AUOI

(4.23)

The lineshape function is normalized, jg’o gc(v)dv = 1. The Gaussian lineshape
function normalized to unity at the line center is

5 (0) In2 (v — v)? (4.24)

v)=exp| ———— |- .

8¢ P AvZ/a
A Gaussian line (Fig.4.10, lower part) and a Lorentzian line of the same relative
halfwidth shows only small differences to at frequencies around the line center. But
there are essential differences in the wings. The Gaussian line decreases exponentially
and has negligibly small values at frequencies a few halfwidths away from the center
frequency; see the double logarithmic plots (Fig.4.10, right). The Gaussian line has
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Table 4.3 Linewidths
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Laser A v (THz) Avg (GHz) Avnat Tsp
HeNe 633nm 474 1.6 1.2MHz 100ns
CO, 10.6 pm 28 (0.07-500) 0.03Hz 5s
Nd:YAG 1.06 pm 280 140 1kHz 230 s

finite values around the center frequency, while the Lorentzian line (with the same
linewidth) extends far into the wings.

Examples of Gaussian lines: Doppler broadened lines (Sect. 14.1) are inhomo-
geneously broadened; the line of Ti**:Al,O3 used for operation of the titanium—
sapphire laser is homogeneously broadened (Sect. 17.4).

4.7 Experimental Linewidths

Table 4.3 shows values of the linewidth Avy of 2 — 1 transition lines together with
values of the natural linewidth Avy,.. The halfwidth Avy,e of the upper laser level
follows from the relation Av,,; = 2w rsp)’l, where g, is the lifetime with respect
to 2 — 1 spontaneous transitions (Sect.4.9). Various methods of determination of
linewidths are available. We mention a few methods.

e Helium—neon laser. The fluorescence line is inhomogeneously broadened (due to
Doppler broadening). The linewidth can be calculated by use of the expression of
Doppler broadening (Sect. 14.1).

e CO; laser. The 2 — 1 fluorescence line is Doppler broadened at low gas pressure
and collision broadened at high pressure.

e Nd:YAG laser. A fluorescence experiment provides the linewidth.

A lower limit of the linewidth of a transition is the natural linewidth. Active media
of lasers operated at room temperature show linewidths of the atomic transitions that
are always larger than the natural linewidth as a study of the specific lasers shows
(see the chapters beginning with Chap. 14).

4.8 Classical Oscillator Model of an Atom

An atom consists of a nucleus and an electron cloud (Fig.4.11a). In the classical
oscillator model of an atom, the electron cloud is replaced by an electron located
at the center of the electron cloud, that is, at the position of the nucleus. In equilib-
rium, the electron does not move. When it is brought out of its equilibrium position
(Fig.4.11b), it performs an oscillation with a displacement x(¢) and an amplitude
xo. The oscillation of the electron (charge ¢ = —e) corresponds to an oscillation of


http://dx.doi.org/10.1007/978-3-319-50651-7_14
http://dx.doi.org/10.1007/978-3-319-50651-7_17
http://dx.doi.org/10.1007/978-3-319-50651-7_14
http://dx.doi.org/10.1007/978-3-319-50651-7_14
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Fig. 4.11 Classical oscillator model of an atom. a Electron cloud and nucleus of an atom. b
Oscillation of an electron around the equilibrium position x = 0. ¢ Excited atom as an oscillating
dipole
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Fig. 4.12 Damped oscillator (/eff) and shape of the fluorescence line (right)

a dipole with the dipole moment p = gx = —ex (Fig.4.11c). An oscillation of a
classical electric dipole (= Hertzian dipole) gives rise to emission of radiation. Here,
we describe the model of the atomic oscillator (=dipole oscillator model =classical
oscillator model of an atom =Lorentz model of an atom); later (in Chap.9), we will
make use of the model to derive the gain coefficient of radiation propagating in an
active medium.
We consider the atomic oscillation as a damped oscillation. The equation of motion
is given by
¥+ Bx +wix =0, (4.25)

where x is the displacement from the equilibrium position (x = 0), wy is the reso-

nance frequency, and 8 the damping constant. We chose the resonance frequency so

that hwy = E, — E|, where E| is the energy of the ground state, E, the energy of

the excited state of the two-level atom, and E,; = E, — E| is the transition energy.
The solution to the equation of motion has, for 8 < wy, the form

i = xoe 2Fleion (4.26)
where x( is a displacement at r = 0; the displacement is O for # < 0. The time of

decay of the amplitude of the oscillation is 27 (Fig.4.12, left), and the time of decay
of the energy of the atomic oscillation is the lifetime t = 1/8.


http://dx.doi.org/10.1007/978-3-319-50651-7_9
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Connected with an oscillation is an electric field
— Ae 1Preiont 4.27)

The initial value A of the amplitude of the field corresponds to the initial value of
the displacement. The field is not monochromatic but has a frequency distribution
(Fig.4.13, right) that follows by Fourier transformation,

o0 ~ .
E(1)e'”dt, (4.28)

E(a))—i/
V2

which leads, with 8 = Awy, to

E(w) = expil(w — wo)t +i(B/2)t]1d

7o

= /27 i@ — o) + Awy/2 (4.29)

Accordingly, the oscillating electron emits an electromagnetic wave with an intensity
distribution that corresponds to a Lorentzian line (Fig.4.12, right),

I(w)/ 1o = 8L.res(@). (4.30)
Iy is the intensity at the line center. The linewidth Awy is equal to 7.

In the classical oscillator model description of an atom, the nonoscillating state
corresponds to the atomic ground state, and an oscillating state corresponds (inde-
pendent of the value of the amplitude of the oscillation) to the excited state of the
atom.

4.9 Natural Line Broadening

The finite lifetime of the upper level of a two-level atomic system with respect to
spontaneous emission of radiation by 2 — 1 transitions leads to a line broadening
described by the natural lineshape function

Avpy 1

n = s 4.31
sul) = o (v — V)2 + Avg, /4 @b

where vy is the resonance frequency,

4.32)
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is the natural linewidth, and T, the lifetime of the upper level with respect to sponta-
neous emission of radiationby 2 — 1 transitions. We designate T, as the spontaneous
lifetime of level 2. The maximum value of the lineshape function,

&nat(Vo) = 41y, = (4.33)

9
T AVpge

is proportional to the spontaneous lifetime, that is, inversely proportional to the
natural linewidth.

4.10 Energy Relaxation

We describe energy relaxation in the classical model of an atom. An atomic dipole
loses energy due to damping. The amplitude of the oscillation decreases exponentially
(Fig.4.13a). The decay time of the amplitude is 27} and the decay time of the energy
content in the oscillator is equal to the energy relaxation time. The linewidth of the
frequency distribution of radiation emitted by a dipole oscillator is equal to

1

Awy = e (4.34)

The halfwidth of the frequency distribution of radiation emitted by a dipole is equal
to the reciprocal of the energy relaxation time.

We will later study an ensemble of dipole oscillators. The decay of the energy
contained in an ensemble of dipole oscillators occurs also with the energy relaxation
time 7.

[In an ensemble of electrons, the decay of the energy content is joined with the
decay of the polarization with the time T}, which is then called longitudinal relaxation
time of the polarization; see next section and Sect. 9.9].

(b)
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Fig. 4.13 Change of an oscillation. a Energy relaxation. b Dephasing


http://dx.doi.org/10.1007/978-3-319-50651-7_9
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4.11 Dephasing

External forces can have the effect that a dipole oscillator randomly changes the
phase while the amplitude xy and the resonance frequency wy remain unchanged.
The average time between two successive changes of the phase is the dephasing time
T, (Fig.4.13b). Radiation emitted by an oscillator consists of a series of subsequent
wave trains E(¢) of constant amplitude A. The average duration of a wave train is
equal to 7. A Fourier analysis shows that the power spectrum has a Lorentzian
lineshape. The center frequency is an average frequency, the lineshape function is a
Lorentz resonance function and the linewidth (halfwidth) is given by

12
D)2 T

Awy (4.35)

Examples Line broadening due to collisions of atoms and molecules in gases
(Sect. 14.2); line broadening due to an elastic collision of an ion in a crystal with a
phonon (Sect. 15.9).

We will later study an ensemble of dipole oscillators that are prepared in such a
way that all elementary atomic oscillators are oscillating with the same phase. The
sum of all atomic dipole moments per unit volume is the dielectric polarization.
Due to randomly occurring dephasing processes of the atomic dipole oscillators, the
dielectric polarization decays also with the dephasing time 7. In connection with the
decay of the polarization, T, is called phase relaxation time or transverse relaxation
time (Sect. 9.8).

We will (in Chaps. 19 and 32) find dephasing processes characteristic of monopole
oscillators (next section).

4.12 Dipole Oscillator and Monopole Oscillator

A dipole oscillator (Sect.4.8) consists of a negative charge and a positive charge
oscillating against each other. Interaction of a dipole oscillator with the surrounding
can lead to loss of energy and to change of the phase of the oscillation. We are using
the dipole oscillator as a classical model of a two-level atomic system (Sect. 4.8).

A monopole oscillator consists of an oscillating single charge. Interaction of the
charge with the surroundings can change the phase of the oscillation but not the
amplitude. An electron traversing a spatially periodic magnetic field represents an
example of a monopole oscillator. An electron crossing a spatially periodic electric
field is another example.

The monopole oscillation of an electron propagating at a relativistic velocity
through a transverse periodic magnetic field is the elementary excitation occurring
in a free-electron laser (Chap. 19); interaction of a high frequency electric field with
an ensemble of the electron-monopole oscillators leads to gain for the high frequency
field in the free-electron laser.


http://dx.doi.org/10.1007/978-3-319-50651-7_14
http://dx.doi.org/10.1007/978-3-319-50651-7_15
http://dx.doi.org/10.1007/978-3-319-50651-7_9
http://dx.doi.org/10.1007/978-3-319-50651-7_19
http://dx.doi.org/10.1007/978-3-319-50651-7_32
http://dx.doi.org/10.1007/978-3-319-50651-7_19
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Monopole oscillation of an electron occurs also in the (hypothetical) Bloch laser
(Chap. 32). Anelectron in a periodic potential formed by a semiconductor superlattice
executes, under the action of a static electric field, an oscillation (Bloch oscillation);
a superlattice consists, in the simplest case, of two different semiconductor layers in
turn. The Bloch oscillation is the elementary excitation of a Bloch laser.

A laser based on monopole oscillations as the elementary excitations in an active
medium can be regarded as an inversionless laser.

An electron that performs a Bloch oscillation can, alternatively, be described as an
electron that occupies an energy level of an energy-ladder system. The energy ladder
consists of equidistant energy levels. In the picture of the energy-ladder system, the
Bloch laser is a laser with population inversion in the active medium (Sect.32.7).
Radiation is generated by stimulated transitions between energy levels of the energy-
ladder systems.

Itis a question whether an electron propagating through a transverse periodic mag-
netic field can also be characterized by an energy-ladder system. If such a description
would be possible, a free-electron laser would be describable as a laser with a popu-
lation inversion, alternatively to the description as an inversionless laser (Chap. 19).

Interaction of radiation with an active medium based on dipole oscillators leads
to a gain coefficient that has the shape of a Lorentz resonance curve (see Chap.9).
Interaction of radiation with a monopole oscillator results in a gain coefficient that
has the shape of a Lorentz dispersion curve (Chaps. 19 and 32).

4.13 Three-Dimensional and Low-Dimensional Active
Media

We classify media used in lasers as three-dimensional (3D) and low-dimensional
media. A low-dimensional active medium is either two-dimensional (2D), one-
dimensional (1D), or zero-dimensional (0D). This classification is useful with respect
to semiconductor lasers. Semiconductor lasers make use of low-dimensional media.
Low-dimensional media are realized by means of semiconductor heterostructures.

The dimensionality concerns solely the question whether electrons move freely
(between two collisions) in three dimensions, in two dimensions, in one dimension,
or cannot move freely at all. In this sense, an atom is a OD system.

Figure 4.14 gives a survey of active media of different dimensionality:

e 3D active medium. The electrons move freely in three dimensions. The unit of the
density N of electrons is m .
Example electrons in a 3D bipolar semiconductor.

e 2D active medium. The electron motion is bound to a plane. The unit of the two-
dimensional density (area density =sheet density) NP of electrons is m™2.

Example electrons in a quantum film (in a quantum well laser).


http://dx.doi.org/10.1007/978-3-319-50651-7_32
http://dx.doi.org/10.1007/978-3-319-50651-7_32
http://dx.doi.org/10.1007/978-3-319-50651-7_19
http://dx.doi.org/10.1007/978-3-319-50651-7_9
http://dx.doi.org/10.1007/978-3-319-50651-7_19
http://dx.doi.org/10.1007/978-3-319-50651-7_32
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Fig. 4.14 Three-dimensional and low-dimensional active media

e /D active medium. The electron motion is bound to a line. The unit of the one-
dimensional density (=line density) N'P of electrons is m~!.
Example Electrons in a quantum wire (in a quantum wire laser).

e 0D active medium. The electrons are imprisoned. An ensemble of OD active media
forms a 3D active medium.
Example electrons in a quantum dot (in a quantum dot laser); we can regard a

quantum dot as an artificial atom.

Ensembles of atoms, molecules, or ions are three-dimensional media. Each atom
(or molecule or ion) is for itself a quantum system. Boltzmann’s statistics governs
the populations of the energy levels in an ensemble of atoms because the interaction
(for instance, by collisions in gases) between the atoms is weak. An electron gas
(=ensemble of the electrons) in the upper band in a bipolar semiconductor laser
forms a quantum system. The electron gas (=ensemble of the electrons) in the lower
band forms another quantum system. The two coexisting electron gases obey, each
for itself, Fermi’s statistics and have different Fermi energies (called quasi-Fermi
energies).

References [1-4, 31, 32].

Problems

4.1 Lineshape functions. At which frequency distance from the central line (vy =
4 x 10" Hz; Avy =1 GHz) does the lineshape function decrease by a factor of 100
(a) if the line has Lorentzian shape and (b) if the line has Gaussian shape?

4.2 Absolute number of two-level atomic systems. Determine the absolute number
Ny, of two-level atomic systems for systems of different dimensionality.

(a) Three-dimensional medium with a density N = 10> m~3 of two-level systems
and a volume of Imm x 1mm x 1mm.

(b) Two-dimensional medium with an area density NP = 10'®m~2 and an area of
I mm x 1 mm.

(c) One-dimensional medium with a line density N'P = 10" m~
1 mm.

!"and a length of
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4.3 Relate the lineshape function on the frequency scale and the lineshape function
on the wave number scale.

4.4 Relate the dimensionless variables of the Lorentz resonance function expressed
on the frequency scale and those expressed on the angular frequency scale.

4.5 Area under a Gaussian or Lorentzian curve.

(a) Show that the width of a rectangular curve, which has the same height as a
Gaussian curve and encloses the same area, is equal to

Avy/(2+/1In2) =~ 1.06 x Avy = Avy.

(b) Show that the width of a rectangular curve, which has the same height as a
Lorentzian curve and encloses the same area, is approximately equal to

(r/2)Avy = 1.57 x Avy.

4.6 Show that the integral over a narrow Lorentzian curve is approximately unity.
4.7 Derive the maximum value, Eq. (4.10), for the Lorentz resonance function.

4.8 Show that the width of a rectangular shape that has the same height and the
same area as a Gaussian Avy/(2+/In2) &~ 1.06 x Avy, and, correspondingly, for a
Lorentzian shape by (7/2)Avy = 1.57 x Avy.



Chapter 5
Titanium—Sapphire Laser

As an example of a laser, we describe the titanium—sapphire laser.

Titanium—sapphire (=titanium-doped sapphire) has a broad pump band, a long-
lived upper laser level, and a distribution of short-lived lower laser levels. The broad
pump band allows for pumping with a lamp or a laser. The broad distribution of
lower laser levels makes it possible to operate the laser as a tunable continuous wave
laser or as a femtosecond laser.

A continuous wave titanium—sapphire laser is tunable over a large frequency
range—extending from the red to the infrared spectral region. A titanium-sapphire
femtosecond laser generates ultrashort light pulses with a duration between about 5
and 100fs (depending on the special arrangement).

In a simplified description, we characterize the titanium—sapphire laser as a four-
level laser with a broad distribution of pump levels, a sharp upper laser level, a broad
distribution of lower laser levels, and a sharp ground state level.

In this chapter, we discuss the principle of the titanium—sapphire laser, and we will
give a short description of the design. Additionally, we will present absorption and
fluorescence spectra of titanium—sapphire. We will obtain more information about
the titanium—sapphire laser in later sections and chapters (particularly in Sect. 7.6,
Chap. 13, Sect. 15.2, and Chap. 17).

5.1 Principle of the Titanium-Sapphire Laser

A titanium—sapphire (Ti**:Al,03) crystal contains Ti** ions replacing AI** ions in
a sapphire (Al,O3) crystal. The density (number density) of Ti** ions in Al,O3 is
typically 1 x 10> m~3, corresponding to a doping concentration of 0.03% by weight
Ti203 in A1203.

Figure 5.1a shows the energy level diagram of a Ti** ion in Al,O3. Above the
ground state level (energy E = 0), there is a continuum of energy levels (the vibronic
levels of the ground state). Above the lowest excited state level (at E ~ 2.0eV), there
is another continuum of energy levels (the vibronic levels of the excited state). The
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Fig.5.1 Titanium—sapphire laser. a Energy level diagram and transitions. b Simplified energy level
diagram

lowest excited state level and the vibronic energy levels of the excited state have
a long lifetime (~3.2 s) with respect to relaxation to the ground state level or to
vibronic levels of the ground state; the lifetime is mainly due to spontaneous emission
of radiation (spontaneous lifetime ~3.8 ws). Optical pumping and fast nonradiative
relaxation lead to population of the lowest excited state level. Laser radiation is
generated by stimulated transitions to vibronic levels of the ground state—to levels
well above the ground state level. The vibronic levels of the ground state then relax
by nonradiative relaxation processes. Relaxation within the excited state levels and
within the ground state levels occurs in relaxation times of the order of 1073,
Absorption processes are mainly due to transitions from the ground state to levels
that lie, in comparison to the value of k7" at room temperature, far above the lowest
excited state level.

We describe the titanium—sapphire laser, which is a vibronic laser, for simplicity, as
afour-level laser (Fig. 5.1b)—with a pump level (that has a broad energy distribution),
a sharp upper laser level, a lower laser level (that has a broad energy distribution too),
and a sharp ground state level.

We will discuss vibronic systems in more detail in Sect. 15.2 and Chap. 17.
All Ti** ions in Al,O3 have the same energy level distribution: optically pumped
titanium—sapphire is an active medium with a homogeneously broadened 2 — 1
fluorescence line (Sect. 17.4).

The titanium—sapphire laser operates as a cw laser or as femtosecond laser. The
laser frequency of a cw laser—and thus the energy of the lower laser level—is
mainly determined by the resonance frequency of the laser resonator, which itself is
adjustable by the use of appropriate frequency selective elements within the resonator.
In a femtosecond laser, with a broadband resonator, transitions occur at the same time
into a large number of lower laser levels; in this case, the resonator contains elements
controlling the phases of the electromagnetic waves of different frequencies that are
present in the resonator at the same time.
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5.2 Design of a Titanium—Sapphire Laser

Pumping of a titanium—sapphire laser is possible by use of a discharge lamp or of
another laser. If a laser is pumped by use of a lamp, light of the lamp is focused on
the crystal leading to an almost homogeneous excitation of the crystal. Pumping with
a laser is possible by transverse or longitudinal pumping. In the case of transverse
pumping, the pump radiation irradiates the titanium—sapphire crystal from the side.

In the case of longitudinal pumping (Fig. 5.2), the pump radiation passes a
dichroitic mirror and is then absorbed in the titanium—sapphire crystal. The dichroitic
mirror is transparent for the pump radiation but is a reflector for the laser radiation.

By inserting into the resonator an element indicated as “black box™ in the figure,
the laser operates in different ways.

If the black box is a dispersive element (e.g., a prism or a diffraction grating), the
laser generates

e cw radiation; tuning range from about 650—1200 nm on the wavelength scale (250—
460 THz on the frequency scale).

If the black box is a mode coupler, the laser generates
e ultrashort pulses; pulse duration 5-100fs.

Heat produced by nonradiative relaxation processes leaves the titanium—sapphire
crystal by heat transfer mainly via the mechanical support of the crystal. Heating
effects can strongly be reduced if only a small portion of a Ti**:Al,03 crystal rod
is optically pumped. The pump volume is, for example, a cylindrical volume of a
diameter of 0.5mm in a Ti*T:Al,O3 rod of 1cm diameter. The heat produced in the
optically pumped region is distributed over the whole crystal. This results in a much
smaller temperature enhancement than in the case that the crystal is homogeneously
pumped. Thus, much larger populations of the upper laser level or a much larger
output power can be obtained. Al O3 has a large heat conductivity. This favors a fast
heat escape from the active volume.

black
box

pump
laser

s A0 T = =D

dichroitic mirror partial mirror

Fig. 5.2 Titanium—sapphire laser
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5.3 Absorption and Fluorescence Spectra
of Titanium—Sapphire

Spectra of the absorption cross section and fluorescence spectra of Ti**:Al,O3 are
known from experimental studies [33]. Figure 5.3 (upper part, left) shows the absorp-
tion cross section ogps(A) of a Ti3* ion in sapphire. The absorption cross section
follows from the relation

Qabs(A) = No oaps (1), (5.1)

where o, 1S the experimental absorption coefficient and Ny the density of Ti** ions.
The absorption band extends from the blue to the green spectral region. Sapphire is
an anisotropic crystal. Therefore, the optical properties depend on the orientation
of the direction of the electric field E of the electromagnetic wave relative to the
direction of the optic axis (c axis) of the crystal. The absorption lines for E || ¢ (7
polarization) and E L ¢ (o polarization) have different strengths but the same shape.

Figure 5.3 (lower part) shows the fluorescence spectrum. S (A) is the spectral
distribution of the fluorescence radiation on the wavelength scale and S, ,max is the
maximum of the spectral distribution. The fluorescence spectrum extends from the
red to the near infrared. The fluorescence lines for E || ¢ and E L c have different
strengths but the same shape. The large linewidth and especially the long infrared
tail of the fluorescence band are the basis of the broadband tunability of a titanium—
sapphire laser and of the operation as femtosecond laser. The range of laser oscillation
(dashed in Fig. 5.3) extends far into the range of the infrared tail of the fluorescence
curve.
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Fig. 5.3 Absorption and gain cross sections and fluorescence spectra of Ti>*:Al, O3
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The occurrence of a broad range of laser oscillation is a consequence of the special
properties of Ti** in Al,O3;. We will discuss these properties later (in Sect. 15.2).
We will also show (in Sect. 17.4) that almost all excited Ti’* ions contribute to
gain, and that each of the excited Ti** ions contributes equally, i.e., all excited Ti**
ions contribute equally to generation of radiation in a continuous-wave laser or to
generation of femtosecond pulses in a femtosecond titanium—sapphire laser.

There remains the question: how can we determine, from the fluorescence spec-
trum, the gain cross section and especially the frequency dependence of the gain
cross section? This will be discussed in Sect. 7.6. We anticipate the result. Figure
5.3 (upper part, right) shows the gain cross section o, of an excited Ti*+ ion as
derived from the fluorescence spectrum and by taking into account the spontaneous
lifetime of an excited Ti*+ ion. The gain cross section has a maximum near 830 nm.
The maximum value of the gain cross section of excited Ti*+ is about 4 times larger
than the absorption cross section of Ti*+; a possible reason for the difference will be
discussed at the end of Sect. 17.2. In comparison to the gain profile, the fluorescence
curve decreases strongly with wavelength because of the wavelength dependence of
spontaneous emission.

5.4 Population of the Upper Laser Level

Without laser oscillation, the population of the upper laser level (Fig. 5.4) increases
with increasing pump power P linearly with P at small P (dashed line) and less
than linearly at large P. The population saturates at very large P, where the N,
population approaches the density N of Ti** ions. The population difference varies
according to N, — Ny = K(P/Py)(1 + P/Py)~", where K is a constant and Piy
the saturation-pump power. At the saturation pump power the absorption coefficient
aaps (V) 1s half of its value at weak pumping. A population inversion (N, > Nj)
occurs already at the smallest pump power.

Fig. 5.4 Population of the 1.0
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5.5 Heat and Phonons

Nonradiative relaxation processes in active media produce heat. Therefore, cooling

of an active medium is necessary. Cooling occurs via heat conduction and heat

transfer. In solids, phonons play an important role in relaxation processes; phonons

are quanta of lattice vibrations, i.e., of vibrations of the atoms of a solid. After a

relaxation process, a phonon decays into heat. Phonons are treated in textbooks on

solid state physics. As a standard book of heat conduction and heat transfer, see [34].
References [1-4, 7, 33, 34]

Problems

5.1 Geometrical length of the resonator. Determine the optical length of a res-
onator (distance between reflector and an output coupling mirror 50 cm) that contains
a titanium—sapphire crystal (length 1cm; refractive index n = 1.76).

5.2 Photon density. The diameter of a laser beam at the output coupling mirror
is 10cm. The laser generates visible radiation of a power of 1 W and fluorescence
radiation of a power of 1 W too.

(a) Estimate the power of laser radiation from the active medium of the laser passing
through an area of 1 cm diameter in a distance 10 m away from a laser that emits
radiation into a cone with a cone angle of 0.1 mrad.

(b) Estimate the power of fluorescence radiation from the active medium of the laser
passing through the same area.

5.3 What is the prescription of conversion of the shape of a narrow fluorescence
spectrum on the wavelength scale into the shape of the spectrum on the frequency
scale? [Hint: for the answer, see Sect. 7.6.]

5.4 Population of the upper laser level. A Ti**:Al,O; crystal of a length of 1cm
is optically pumped in a cylindrical volume of 0.2 mm diameter.

(a) Estimate the pump power necessary to excite a tenth of the Ti** ions into the
excited state.

(b) Determine the absolute number of excited Ti** ions.

(c) Determine the energy stored as excitation energy and the corresponding energy
density per liter.

(d) Estimate the pump power necessary to excite a tenth of the Ti*" ions into the
excited state in the case that the population disappears every 300ns. [Why may
it be possible that the population disappears regularly?]
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Part 11
Theoretical Basis of the Laser



Chapter 6
Basis of the Theory of the Laser:
The Einstein Coefficients

According to Bohr’s atomic model (1911), which is based on spectroscopic investi-
gations, transitions between discrete energyd levels of an atom can lead to emission
or absorption of radiation of a frequency that fulfills Bohr’s energy-frequency rela-
tion. In an absorption process, a photon is absorbed. In an emission process, a photon
is emitted. Einstein found that the emission of a photon is possible by two different
processes, spontaneous and stimulated emission, and that the coefficients describing
the three processes—absorption, stimulated and spontaneous emission—are related
to each other (Einstein relations).

Making use of Planck’s radiation law, we derive the Einstein relations. We also
show that stimulated emission of radiation is a process that occurs permanently
around us. There remains the question: what is, in addition to the stimulated emission,
a specific property of a laser?

Einstein coefficients can be extracted from results of experimental studies of
optical properties of matter at thermal equilibrium. In this chapter, we consider an
ensemble of two-level systems in thermal equilibrium determined by Boltzmann’s
statistics. Later (in Chap. 21), we will treat ensembles that obey Fermi’s statistics.

6.1 Light and Atoms in a Cavity

How does light interact with a two-level atomic system? We will study this question
in three steps:

e We describe the thermal equilibrium between the radiation in a cavity and the
walls of the cavity.

e We describe the thermal equilibrium between an ensemble of two-level atomic
systems in a cavity and the walls of the cavity.

e We consider a cavity that contains an ensemble of two-level atomic systems and
radiation.
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Fig. 6.1 A cavity and Planckian distribution of radiation

A cavity (Fig. 6.1, left) contains blackbody radiation. The spectral distribution of
the energy density p(v) of the radiation depends on the temperature 7 of the walls
of the cavity. The spectral energy density is determined by Planck’s radiation law

8mv? hv 6
p(v) = T3 ok _ 1’ (6.1)
where k is Boltzmann’s constant. The frequency distribution is shown in Fig. 6.1
(right). The frequency viax of the maximum of the distribution is directly proportional
to the temperature according to the relation

RVax ~ 2.8 kT. 6.2)

If the walls are at room temperature (7 = 300 K), the maximum of the distribution
lies in the infrared (Ve = 1.8 x 10'3Hz). The spectral density increases as v at
small frequency (v < Vg and decreases as v3e™"/T at large frequency. Thermal
equilibrium is established by absorption of radiation by the walls of the cavity and
by emission of radiation from the walls into the cavity.

The energy density of radiation in the frequency interval v, v 4+ dv is

u(v) = p() dv. (6.3)

We now treat a cavity containing an ensemble of two-level atomic systems in thermal
equilibrium, which is determined by Boltzmann’s statistics,

Ny/Ny = e”E2mED/AT (6.4)

The population ratio is near unity if E, — Ey < kT. It decreases exponentially
with the energy difference E, — E|. Thermal equilibrium is established by colli-
sions of the two-level atomic systems with each other and with the walls of the
cavity.
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Impurity ions in a solid have fixed locations. The populations of the energy levels
of different ions are in thermal equilibrium with the solid due to absorption and
emission of phonons. The populations are governed by Boltzmann’s statistics.

Einstein showed [38] that the thermal equilibrium in a gas of atoms can also
be established by the direct interaction of the radiation with the atoms and that
three processes of interaction between radiation and atoms must occur: absorption,
spontaneous emission and stimulated emission.

Using Bohr’s energy-frequency relation,

I’lV() = E2 — El, (65)
where vy is the transition frequency, we can write
No/N; = e Wo/kT (6.6)

We will now characterize the three processes by the three Einstein coefficients.

6.2 Spontaneous Emission

Excited atoms (Fig. 6.2) can emit photons spontaneously, i.e., without external cause.
The radiation emitted spontaneously is incoherent and the emission occurs into all
spatial directions. The change d N, of the population N, of the upper level, within a
time interval dz, is proportional to N, and to dz,

dN, = — A, Nodr. (6.7)

Ay is the Einstein coefficient of spontaneous emission. The population of the upper
level decays exponentially,

Nao(t) = N»(0) e~ 42" = N,(0) e /™. (6.8)
Fig. 6.2 Spontaneous
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Fig. 6.3 Stimulated transitions. a Absorption and b stimulated emission

N> (0) is the density of excited two-level atomic systems at = 0 and 7 is the average
lifetime of an excited two-level atomic system with respect to spontaneous emission
(=spontaneous lifetime). We have the simple relation

A2] = I/Tsp. (69)

The Einstein coefficient A, is equal to the reciprocal of the spontaneous lifetime.

6.3 Absorption

Photons of a light field can be absorbed (Fig. 6.3a) by 1 — 2 transitions. The
change dN; of the population N; of the ground state, within a time interval dt, is
proportional to the population of the ground state itself, to the spectral energy density
p of the radiation field and to dz,

dN; = — Bz (vg) N1 dr. (6.10)
By, is the Einstein coefficient of absorption and p (vp) is the spectral energy density

of radiation at frequencies around vy. Absorption is only possible in the presence of
a field—the absorption is a stimulated process.

6.4 Stimulated Emission

Stimulated emission (Fig. 6.3b), by 2 — 1 transitions, is caused (stimulated, induced)
by a radiation field. The change dN, of the population of atoms in the excited state,
within a time interval dz, is proportional to the population N,, to the spectral energy
density of radiation at frequencies around vy and to dt,

dN; = — By p(vg) Nodr. (6.11)
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By, is the Einstein coefficient of stimulated emission. The radiation created by stim-
ulated emission has the same frequency, direction, polarization and phase as the
stimulating radiation.

6.5 The Einstein Relations

We are looking for relations between the Einstein coefficients. As discussed, the
interaction of a two-level atomic system with radiation occurs (Fig. 6.4) via absorp-
tion, stimulated and spontaneous emission. We describe the three processes by rate
equations that correspond to differential equations of first order:

e The rate of change of the population N; due to absorption is given by
(dN1/dt)abs = —Biz2 p(vo) Ni; (6.12)

the temporal change of the population N; due to absorption is proportional to
p(vo) and to Nj.
e The rate of change of the population N, due to stimulated emission is equal to

(dN>/dt)sim = —Bar p(vo) No; (6.13)

the temporal change of the population N, due to stimulated emission is proportional
to p(vp) and to N,.
e The rate of change of the population N, due to spontaneous emission is

(dNz/dt)sp = —A21 No; (6.14)
the temporal change of the population N, due to spontaneous emission of radiation

is proportional to N,.

We consider a cavity with an ensemble of two-level atomic systems and radiation
in thermal equilibrium. In the time average, the ratio N, /N is a constant. Therefore,
the absorption rate has to be equal to the emission rate,

(AN /dt)avs = (AN2/dt)sp + (AN2/dE)stim- (6.15)
Fig. 6.4 Absorption, N,
stimulated emission, and E2 ]
spontaneous emission
N,
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This leads to the relation
Biap(vo) N1 = A21 N2 + Ba1p(vo) N2 (6.16)

It follows that

A2/ By
(B12/Bo1))Ni/N, — 1

The Boltzmann factor determines the ratio Ny /N,. The comparison with Planck’s
radiation law provides the Einstein relations

By = By, (6.18)
8 2

Ay = = hvBy. (6.19)
C

The frequency v (replacing vy) follows from Bohr’s relation hv = E, — E|. We have
the result:

e The same Einstein coefficient governs both stimulated emission and absorption.

e There is a connection between the coefficients of spontaneous and stimulated
emission.

e The Einstein coefficient A,y increases strongly with frequency.

Figure 6.5 shows the spontaneous lifetime for different transition frequencies
v = (E, — E)/ hatafixed value of By; (= 10'® m® J=! s72); the spontaneous lifetime
is of the order of 107 s at a transition frequency (5 x 10'* Hz) in the visible, 100 at a
transition frequency (10'?> Hz) in the far infrared, and 10~ s at a transition frequency
(10'" Hz) in the X-ray range. Spontaneous lifetimes at X-ray transition frequencies
are very short. Therefore, operation of an X-ray laser is difficult (Sect. 16.4).

If energy levels are degenerate, Boltzmann’s statistics yields

Mo _ 8 oo biiT, (6.20)
N g

where g; is the degree of degeneracy of level 1 and g, the degree of degeneracy of
level 2. The treatment of the equilibrium between the atomic populations and the
radiation in a cavity leads to the relations

Fig. 6.5 Natural lifetime 10%s 1076s 10 1%g

| | | -
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82
B, = == By (6.21)
81
and (as in the nondegenerate case)
8 v?
Ay = 3 hvBs;. (6.22)
c

In the following, we will treat the case of nondegenerate energy levels (g; = g» = 1).

If two-level atomic systems are embedded in a medium of refractive index n, the
speed of light in vacuum has to be replaced by the speed of light in the medium. The
Einstein relations then are

By = By, (6.23)
Ay = TV B (6.24)
= —Fnv .
2= s B
and
(c/n)?
=L 7 A, 6.25
21 87'[]’1])3 21 ( )

In this form, the Einstein relations are valid if a medium is optically isotropic. If a

medium is optically anisotropic, the relation between A, and B, has to be modified.
Table 6.1 shows values of Einstein coefficients determined by the use of exper-

imental or theoretical methods. A few methods are mentioned in the following:

e Measurement of 7y, (by a luminescence experiment) provides A;; and (via the
Einstein relations) Bj; too. Example Nd:YAG.

e Measurement of the absorption coefficient provides (Chap. 7) By; and (via the
Einstein relations) Aj;.

e An analysis of the luminescence spectrum yields A;;; Example bipolar semicon-
ductor lasers (see chapters on semiconductor lasers).

e Theoretical studies of the transition rates provide B,;; Example QCL.

Table 6.1 Einstein coefficients

Laser A n Tsp A (s By (m? I 1572)
HeNe 633nm 1 100ns 107 1.5 x 1020

CO, 10.6 wm 1 58 0.2 1.4 x 101°
Nd:YAG 1.06 pm 1.82 230 s 43 x 103 5.1 x 100

TiS (E | ¢) 830nm 1.74 3.81Ls 2.6 x 10° 1.7 x 10'8

Fiber 1.5pm 1.5 10ms 102 6.6 x 101°
Semiconductor | 810nm 3.6 3% 10° 3.7 x 102!

QCL 5pm 3.6 4 x 102!



http://dx.doi.org/10.1007/978-3-319-50651-7_7

92 6 Basis of the Theory of the Laser: The Einstein Coefficients

The Einstein coefficients of different systems differ by many orders of magnitude.

If the spectral energy density is given on the angular frequency scale, p = p(w),
the Einstein coefficient Bf) is smaller by the factor 27, B} = B»;/2x. The Einstein
relations then are B{) = BY; and Ay = (ho? /72c%) BS).

6.6 Einstein Coefficients on the Energy Scale

If the spectral energy density is given on the energy scale,
p(hv) = pv)/h, (6.26)
the Einstein coefficients of stimulated and spontaneous emission are

By = BY = hBy, (6.27)

A — Aoy — 8w (hv)? By — 83 B
21 = A1 = W (c/n) 21 = (/n)

- (6.28)

By, is given in units of m? s~

6.7 Stimulated Versus Spontaneous Emission

Stimulated emission is a general phenomenon that does not only occur in lasers.
Stimulated emission is a permanent process, for instance, in the lecture hall.

The thermal occupation number of a mode of a cavity is given by the Bose-Einstein
factor (Fig. 6.6)

Fig. 6.6 Thermal
occupation number of a
photon mode at frequency v

Jvisible

10—6 1 1 1 ]

1011 1012 1013 1014 1015
v (Hz)
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3 1
= (6.29)

ehv/kT _ 1"
Atroom temperature, 7 = 300K, the thermal occupation number has very different
values in different spectral regions:

n < 1 for hv > kT (visible).
~ 1 for hv ~ kT (infrared).
> 1 for hv < kT (far infrared and microwaves).

S

S

The approximation for small frequencies, n = kT / hv, shows that n increases to
infinitely large values (7 — oo) for v — 0). Ata frequency v = 10'! Hz, the thermal
occupation number is large, n =~ 100.

We return to Planck’s radiation law and write it in the form

p()dv = D(w)dv x n(v) x hv, (6.30)

where we have the quantities:

e p(v) = spectral energy density of radiation at the frequency v.

e p(v)dv = energy density in the frequency interval v, v + dv.

e D(v) = 8mv?/c? =mode density =density of states of photons =density of modes
per unit of volume and unit of frequency (Sect. 10.4).

e D(v)dv = number of modes per unit of volume in the frequency interval v,
v+ dv.

e hv = quantum energy of a photon (=photon energy).

We can formulate Planck’s radiation law as follows: the energy density of blackbody
radiation is equal to the product of mode density, thermal occupation number, and
energy of a photon.

A two-level atomic system (Fig. 6.7a) in equilibrium with thermal radiation can
emit radiation either by spontaneous emission at an emission rate per excited atomic
system of t; = Ajy; or by stimulated emission at an emission rate per atomic system

of Ts:irln = p(v)By;. The stimulated emission dominates

(a) (b) 10°
- -1 =
Tstim Tsp n 3 A21
2 1
—y
-3
10 g
1 4 | E
10 6| 1 I 1 - |
10" 10 10" 10" 10"

v (Hz)

Fig. 6.7 Stimulated and spontaneous emission of radiation. a The two processes and b regions of
their dominance
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if the occupation number of the modes at the frequency v is larger than unity. In
thermal equilibrium of an ensemble of two-level atomic systems with radiation
(Fig. 6.7b), the transitions 2 — 1 are:

e Mainly due to stimulated emission at small frequencies (hv < kT).
e Mainly due to spontaneous emission at large frequencies (hv > kT).

Stimulated transitions between energy levels at a transition frequency of 10'! Hz
occur, at room temperature, almost 100 times faster than spontaneous transitions!
Not only the walls of a lecture hall but also the persons in the hall permanently emit
10''-Hz radiation mainly by stimulated emission.

What is specific about a laser? A thermal system contains radiation with portions
in all spatial directions. Stimulated emission of radiation propagating in a direction
compensates absorption of radiation propagating in exactly the opposite direction.
In a lecture hall, we have permanently stimulated emission due to the interaction of
the thermal radiation with the persons in the hall and with the walls. The situation
is completely different in a laser. Pumping of produces an active medium, which is
in a nonequilibrium state. The active medium experiences feedback from radiation
stored in the laser resonator and therefore emits, by stimulated emission, radiation
only in the direction of the stimulating radiation—i.e., the active medium is able to
emit radiation in a single mode only.

6.8 Transition Probabilities

We express the transition rates by transition probabilities. The transition probability
for spontaneous emission, i.e., the transition rate per two-level system per second, is
given by
Walsp = A21~ (632)
The transition probability for stimulated emission is equal to
W21 stim — BZl,stim ;O(VO) (633)

and the transition probability for absorption is given by

W21 ,abs = Bi2,abs 0 (Vo). (6.34)
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The transition probability per unit time for a stimulated emission process in an atomic
two-level system is given by Fermi’s golden rule

2

W2l stim = 7|M21|2, (6.35)

where (1o is the matrix element for the stimulated transition 2 — 1 (Sect. 6.9).

6.9 Determination of Einstein Coefficients
from Wave Functions

The stimulated emission of radiation by a two-level atomic system, characterized by
the wave function 1, of the lower level and 1, of the upper level, is determined (for
an electric dipole transition) by the dipole matrix element

par = [ wsernav. (6.36)

where d V denotes a volume element. The Einstein coefficient of stimulated emission
is equal to

(6.37)

where the spectral energy density of the field that stimulates the transition is given
on the frequency scale, p = p(v). The Einstein coefficient of absorption is

By = Byy. (6.38)

Quantum mechanics taking account of the quantization of the electromagnetic field
shows that spontaneous emission is caused by vacuum fluctuations of the electro-
magnetic field. Theory yields the Einstein coefficient of spontaneous emission

16770 |y |2

= 6.39
21 Zeghc? (6.39)

The Einstein relations are satisfied. Quantum theory thus provides a foundation of
the old quantum mechanics.
References [1-4, 6, 31, 35-38].
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Problems

6.1 Photon density. Estimate the density of photons, present in a lecture room, in
a frequency interval of 1 MHz

(a) Ata microwave frequency of 1 GHz.
(b) At a terahertz frequency of 1 THz.
(c) Ata frequency (500 THz) in the visible.

6.2 Number of thermal photons in a mode of a laser resonator. Calculate the
average number of thermal photons in a mode of a laser resonator at room tempera-
ture, for different lasers.

(a) Titanium—sapphire laser (frequency 400 THz).
(b) CO; laser (30 THz).
(c) Far infrared laser (1 THz).

6.3 Einstein coefficients. Determine the Einstein coefficients from spontaneous
lifetimes of laser media mentioned in Table6.1:

(a) Helium-neon laser; 7y, = 100ns.
(b) CO; laser; Ty, = 5.
(c) Nd:YAG laser; 7y, = 230 ws.

6.4 Einstein coefficient. Relate the Einstein coefficients B, (for p on the w scale)
and B), (for p on the v scale).

6.5 Write Planck’s radiation law on the wavelength scale.
6.6 Radiation laws. Derive from Planck’s radiation law other laws:

(a) Wien’s displacement law on the frequency scale; v (T)
(b) Wien’s displacement law on the wavelength scale. Ayax(T)
(c) Rayleigh—Jeans law (hv < kT).

(d) Wien’s law (hv > kT).

(d) Stefan-Boltzmann law. [Hint: [ x3(e* — 1)"'dx = n*/15.]

6.7 Maximum of the Planckian distribution.

(a) The spectrum of the cosmic background radiation has a Planck distribution cor-
responding to a temperature of 2.7 K. Determine the frequency vy of the max-
imum of the distribution on the frequency scale and the wavelength A, of the
distribution on the wavelength scale. [Hint: Ayax 7 Vmax/C-]

(b) Determine vyax and Apmax for blackbody radiation emitted by a blackbody at a
temperature of 300 K.

6.8 Determine the number of photons contained in a cavity with walls at tempera-
ture T. [Hint: [;° x?(e* — 1)~ 'dx = 2.40.]

6.9 Derive (6.2) from (6.1).

6.10 Determine the matrix elements for optical transitions of media characterized
in Table6.1.



Chapter 7
Amplification of Coherent Radiation

In the preceding chapter, we discussed the interaction of broadband radiation with an
ensemble of two-level atomic systems. Here, we treat the interaction of monochro-
matic radiation with an ensemble of two-level atomic systems. We will show that
the photon density in a disk of light traveling in an active medium increases expo-
nentially with the traveling path length. The gain coefficient of an active medium is
proportional to the Einstein coefficient of stimulated emission and to the population
difference. We express the gain coefficient as the product of the gain cross section
of a two-level system and the population difference.

The largest gain cross section is obtainable for an active medium with a naturally
broadened 2 — 1 fluorescence line. Then the gain cross section at the line center is
equal to the square of the wavelength of the radiation divided by 277 ; we assume that
the medium is optically isotropic. The broadening of a transition line of an active
medium operated at room temperature is always due to another mechanism (and
not by natural broadening). Therefore, the gain cross section of atoms in an active
medium at room temperature is smaller than the square of the wavelength of the
radiation divided by 2.

In the case that an active medium is a two-band medium, it is convenient to
introduce an effective gain coefficient. It is related to the difference of the density of
electrons in the upper band and the transparency density.

We compare gain coefficients and gain cross sections of different active media
and discuss, in particular, the gain coefficient of titanium—sapphire.

A two-dimensional active medium can interact with a light beam, which is three
dimensional, in two ways: it can propagate along the two-dimensional medium or it
can cross the two-dimensional medium. In the case that radiation propagates along an
active medium, it is useful to introduce a modal gain coefficient, which is related to the
average density of atomic two-level systems within a photon mode—the populations
of atomic two-level systems still underly the laws governing the two-dimensional
medium. In the case that radiation crosses an active medium, a description by use of
the gain factor of radiation (rather than a gain coefficient of the active medium) is
adequate.

© Springer International Publishing AG 2017 97
K.E. Renk, Basics of Laser Physics, Graduate Texts in Physics,
DOI 10.1007/978-3-319-50651-7_7
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7.1 Interaction of Monochromatic Radiation
with an Ensemble of Two-Level Systems

In alaser, monochromatic radiation acts on an ensemble of two-level atomic systems.
Which are, in this case, the rate equations?

We characterize monochromatic radiation (Fig.7.1) by a spectral energy density
p(v) that has a constant value within a frequency interval v, v 4+ dv and is zero
outside this interval. The energy density u(v) of the monochromatic radiation is

u() = p(v)dv. (7.1)

We assume that the spectral width of the monochromatic radiation is small compared
to the linewidth Ay, of the atomic transition,

dv < Ay, (7.2)

If only natural line broadening is present, then dv << Avyy.

(We treat dv as a small but finite physical quantity; dv appears also as a differential
in differential equations or integrals. The two aspects—to consider dv as a finite
quantity or as a differential—are compatible with each other, see [20].)

We ignore, for the moment, spontaneous emission. Stimulated emission processes
depopulate the upper level and absorption processes populate it. The temporal change
of the population of the upper level is

dN>/dt = =By p(v)g(V)dvN; + Biop(v)g(v)dvNy, (7.3)

where g(v)dv is the portion of the transition probability in the interval v, v 4+ dv and
g(v) is the lineshape function.

Justification: Broadband radiation with a constant spectral density in the frequency
region of the spectral line leads to the temporal change of population of the upper
level.

Fig. 7.1 Monochromatic gt S
radiation

p-lk H{u(v>
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dN i / / i / /
d_t2 = —BZIp(U)Nz/g(I) )dv' + Bpp (V)N /g(v ydv'. (7.4)
0 0

This is, because of [gdv =1, equal to the result of the preceding chapter.
(We assumed that B, is independent of v.)

We continue the discussion of the interaction of monochromatic radiation with
an ensemble of two-level atomic systems and write, with By, = Bjyj, the decay rate
in the form

dNz/dt = =By p(v)g(V)dv (N2 — Ny). (7.5)

It follows, with u = u(v) = p(v)dv, that the temporal change of the population of
the upper level is given by

ng/dl‘ = —Byiu g(U)(Nz — N]). (76)
The transitions 2 — 1 dominate (dN,/dt < 0) if N, — N; > 0. The change dN,
of the population N, is connected with a change du of the energy density of the
radiation,
du = —dN, x hv. 7.7
Thus, we obtain

du/dt = hvg(v)B21(Ny — Ny) u. (7.8)

We replace the energy density u by the photon density, Z = u/hv, and obtain the
temporal change of the population of the upper level

dN,/dt = — hv g(v) By (N2, — Ny) Z, (7.9)
and the change of the photon density

dz d(N, — N
e M (7.10)
dt dt
It follows that

dZ/dt = by (N> — N1)Z, (7.11)

where

by = hv By 8(v) (7.12)
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is the growth rate constant, which is a measure of the strength of stimulated emission.
The growth rate constant by; (v) is equal to the product of the photon energy hv, the
Einstein coefficient of stimulated emission and the value of the lineshape function
at frequency v. We have the result: the growth rate (dZ/dr) of the photon density is
proportional to the population difference and the photon density.

According to the equation

dN,/dt = —by Z(N, — Ny), (7.13)

we also can interpret b, as the decay rate for stimulated decay of the population N,,
per unit of the photon density and per unit of population difference.

We replace the population difference by the occupation number difference,

Ny — Ny = (N, + N))(f> — f1), and write

dN>/dt = —by (N1 + N2)(f2 — [ Z. (7.14)

The decay rate of the population of the upper laser level is proportional to the den-

sity N1 + N, of two-level atomic systems and to the occupation number difference

f> — f1. The net decay rate of the decay of a single two-level atomic system in an
ensemble of two-level atomic systems is equal to

rai(v) = —hvBig()(f2 — fi)Z. (7.15)
Alternatively, we can write
ra1(hv) = ra(v) = —hvBug(hv)(f» = fi)Z, (7.16)

where the lineshape function g is now expressed on the energy scale and where

7.2 Growth and Gain Coefficient

The temporal change of the photon density is equal to
dZ/dt =y Z, (7.17)

where
Yy = hvBy1g(vV)(N2 — Ny) = b1 (N2 — Ny) (7.18)

is the growth coefficient of an active medium.
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Fig. 7.2 Monochromatic Z Z+dZ
radiation in an active = PR
medium = —_—
0, 4 — i)
= | —n
0 z z+dz L

If we suddenly turn on, at time ¢ = 0, the population inversion, then the density
of photons increases exponentially,

Z = Zpe"'. (7.19)
Z is the photon density at r = 0.

The radiation in a disk of light (thickness 6z) propagating in an active medium
(Fig.7.2) is amplified. On the path from z to z 4 dz, the change of the photon density
within the disk of thickness §z <« dz is

dZ = by1 (N, — Ny)Zdt, (7.20)
where
dt =dz/(c/n) (7.21)
is the time the disk of light takes to travel the distance dz. We can write

dZ = a(v) Z dz, (7.22)

where

y(v) _ ba(v)
c/n c/n
is the gain coefficient (=small-signal gain coefficient) of an active medium. The gain

coefficient is proportional to b,; and to the population difference.
(If the energy levels are degenerate, the gain coefficient is given by

h
(N, — Ny) = C/—';Bﬂg(v)(zvz — N (7.23)

(v) = y(v) _ by (v) (

c/n c/n

In the following, we consider nondegenerate two-level systems.)
The photon density increases exponentially with the traveling path length,

h
N, — ngi) = 2 B (N2 — ng—z) (124
81 c/n 81

Z(2) = Z(zp) e*ME0), (7.25)
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If N, < Ny, then a(v) is negative, and we obtain the absorption coefficient
Qaps = —& = (n/c)hvBg(v) (N1 — Na). (7.26)

In this case, the photon density decreases exponentially according to the Lambert—
Beer law

Z(z) = Z(zp)e @20, (7.27)

We continue the discussion of gain. We can replace the population difference by
the product of the occupation number difference and the density of two-level atomic
systems, N — Ny = (f>» — f1)(N1 + N,), and obtain

a(v) = (n/c)hvByg(v) (N1 + N2) (f2 — f1)- (7.28)

The gain coefficient is proportional to the density of two-level atomic systems and
to the occupation number difference f, — fi. We introduce the gain bandwidth Av,
as the halfwidth of the gain curve a(v). If By; is independent of frequency, Avy is
determined by the halfwidth of the lineshape function g(v).

If the lineshape function is given on the energy scale, then

a(v) = a(hv) = (n/c)hvBy1g(hv) (N1 + Na) (f» — f1)- (7.29)

If a line has Lorentzian shape, we can write the gain coefficient in the form

h
a(v) = — By, BLres (1) (N2 — ), (7.30)
c/n T Ay
or
2
a(v) = (n/c)hv By, ZLres (N1 + N2) (fo — f1). (7.31)
T AUO

where g1 res 1S the lineshape function normalized to unity at the line center.
In a light beam propagating through an active medium of length L, the photon
density increases from the value Z to the value
Z = Zye*WE, (7.32)

The single-path gain factor is equal to

Gi(v) = Wk, (7.33)
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The single-path gain is

Z-7Z -
0O _ "7 _Giw)—1=e™E 1. (7.34)
Z() IZN)

Ifa(v)L <« 1, then
Gi(v)—1=a()L, (7.35)

i.e., the single-path gain G| — 1 is equal to the product of the gain coefficient and
the length of the active medium.

7.3 Gain Cross Section

We write the gain coefficient of an active medium (containing two-level atomic
systems) in the form

a(v) = Nrop1 — Niopa, (7.36)

where oy, is the gain cross section of a two-level atomic system and o, the absorp-
tion cross section. The cross sections are equal, o1, = o07;. It follows that the gain
coefficient of an active medium containing an ensemble of two-level atomic systems
is given by

a = (Ny — Ny) oy, (7.37)
where
b21 hv
o1 (vV) = — = —By1g(v). (7.38)
c/n c/n

The gain cross section at the frequency v is proportional to v, to the Einstein coef-
ficient of stimulated emission, and to the value of the lineshape function at the
frequency v.

In the case that a line is naturally broadened, we can use the Einstein relations
and the relation A, = rs_p'. We then find

2 2
C Az] 1
o2 (v) = mgnat(v) = Sl l__spgnat(v)~ (7.39)

The largest gain cross section of an isotropic two-level atomic system in an active
medium is obtainable if the 2 — 1 line is naturally broadened. Then g(vo) = 47,
and
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where A = c¢/vy is the wavelength of the radiation in vacuum, »n is the refractive
index of the active medium at the frequency vy, and vy = (E, — E;)/h. The gain
cross section of a two-level system with a naturally broadened line increases with
the square of the wavelength (Fig. 7.3, solid line).

We will see later, when we will discuss specific lasers (Chaps. 14—16 and chap-
ters on semiconductor lasers), that the active media of all lasers operated at room
temperature show 1 — 2 absorption lines and the 2 — 1 fluorescence lines that are
not broadened by natural broadening, but that other mechanisms dominate the line
broadening. Therefore, the gain cross section of radiation propagating in an active
(isotropic) medium at room temperature is smaller than (1/n)?/27.

If the gain coefficient curve is a Lorentz resonance curve, we can write

hv 2 hv

B ' = —— By gL es(V). 7.41
o/n 21 8L, es(V) 7 Avy ¢/n 21 8L, es(V) ( )

o2 (v) =

The gain cross section at the center of a Lorentzian gain curve (with the halfwidth
AUQ) is

Avnal Avnat ()‘/n)z
Gnat(VO) = .
AUO AVQ 2

o21,L(vo) = (7.42)

The gain cross section of radiation at the line center of a Lorentzian line is by the
factor Avp,/Avy smaller than in case of a naturally broadened line.


http://dx.doi.org/10.1007/978-3-319-50651-7_14
http://dx.doi.org/10.1007/978-3-319-50651-7_16
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Table 7.1 Gain bandwidths and gain cross sections

Laser X n Avg Avg /v 021 (m?) [oes
(m?)]
HeNe 633nm | 1 1.5GHz 3x10°° 1.4 x 1071°
CO, 106 pm | 1 69MHz-500GHz | 2.5 x 10— 1.2 x 10720
1.7 x 1072
Nd:YAG 1.06 um | 1.82 | 140GHz 14 x 1074 8.1 x 10722
TiS (E || ¢) 830nm | 1.74 |110THz 0.3 23 %1078
TiS (E L ¢) 8 x 10724
Fiber 15um | L5 5THz-12THz 2.5-6 x 1072 2 x107%-
[6x 10723]
Semiconductor| 840nm 3.6 10GHz-1THz 3 x 1079- [3 x 10719]
3x1073
QCL 5 wm 3.4 10GHz-1THz 2x1074- 10716
1.6 x 1072

The gain cross section of radiation at the center of a Gaussian line is

A A A/n)?
o216 (00) = 2V /7T D o) ~ 1.48 Ao A1) (7.43)
Avy Ayy 21

Table 7.1 shows values of gain bandwidths and gain cross sections (and of effec-
tive gain cross sections, see next section and Sect. 18.7). Different halfwidths, men-
tioned in the following, are: Avg = gain bandwidth = halfwidth of the gain curve;
Avy = halfwidth of an absorption line; Avg,,r = halfwidth of the fluorescence line,
measured on the frequency scale.

e Helium—neon laser. The gain bandwidth is equal to the halfwidth of the 2 — 1
fluorescence line, Avy = Avgyer = Avg.

o CO; laser. Avg = Avgyer = Avy.

Nd:YAG laser. Avy = Avgyor = Avy.

e Titanium—sapphire laser. The gain bandwidth is very large (Sect.7.6). In the table,
the crystal anisotropy of Ti**:Al, 03 is taken into account. An average gain cross
section is oy = %(01 + 20,), where o is the gain cross section for E || ¢c and o,
is the gain cross section for E _L c. The experimental fluorescence curves indicate
that o, ~ 307 and that therefore oy ~1.8 03, and o, ~0.6 07;.

e Fiber laser. The gain bandwidth depends on the pump strength (Chap. 18).

e Bipolar semiconductor laser. The gain bandwidth changes if the strength of the
pumping (i.e., the current flowing through the active semiconductor medium)
changes (Chaps.21 and 22).

e Quantum cascade laser. The gain bandwidth varies if the strength of the pumping
changes. The gain bandwidth of an active medium of a specific quantum cascade
laser can be obtained by a detailed analysis of the properties of the active medium
(Chap.29).


http://dx.doi.org/10.1007/978-3-319-50651-7_18
http://dx.doi.org/10.1007/978-3-319-50651-7_18
http://dx.doi.org/10.1007/978-3-319-50651-7_21
http://dx.doi.org/10.1007/978-3-319-50651-7_22
http://dx.doi.org/10.1007/978-3-319-50651-7_29
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The gain bandwidths of the different active media differ by five orders of magnitude.
The titanium—sapphire laser has by far the largest gain bandwidth, corresponding to
30% of the center frequency. The gain cross section (see also Fig. 7.3) differs by nine
orders of magnitude. The helium—neon laser and the quantum cascade laser have
large values of the gain cross section. The bipolar semiconductor lasers have smaller
values. CO; lasers and solid state lasers have still smaller values.

7.4 An Effective Gain Cross Section

We consider a two-band laser with an active medium containing Ny two-level atomic
systems per unit volume. Without pumping, all levels in the lower band are occupied
and all levels of the upper band are empty (Fig.7.4a); we assume that E; min —
—E| max > kT. Pumping leads to a population in the upper band and to empty
levels in the lower band. The population in the upper band and the population in
the lower band are in a nonequilibrium relative to each other. At weak pumping,
the population N, (=N) in the upper band is small and the density N; (=N) of
empty levels in the lower band is also small. Accordingly, the relative occupation
number f, (at energies near the minimum of the upper band) is small (f, < 1), the
relative occupation number f; (at energies near the maximum of the lower band)
is only slightly smaller than unity and absorption of radiation prevails. The width
of the energy distributions of each of the populations is of the order of k7. With
increasing N, f, increases and f; decreases until N reaches the transparency density
Ny, where f, — fi = 0 (Fig.7.4b). The width of the energy distributions of each
of the populations is still of the order of k7. The largest population in the upper
band occurs at energies near the band minimum (energy E» i) and the smallest
population in the lower band at energies near the band maximum (energy E| max).

(@) N=0 (b) N=N, () N> Ny
| |
2 Y Y
E2.n'||n I ‘ 1] ¥ KT
\
E1max [ v # kT
1

Fig. 7.4 Two-band laser. a Population without pumping. b Quasi-thermal distributions of the
populations for N = Ny;. ¢ Quasi-thermal distributions of the populations for N > Ny,
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(a) (b)
o4 O max? Uma_)(__ =0g Xx(N=Ny)

’

N, N

Fig. 7.5 Gain coefficient of a two-band laser medium. a Frequency dependence of the gain coef-
ficient. b Dependence of the maximum gain coefficient on the population N in the upper band

If N> Ny (.e., f» > f1), the medium is a gain medium and the gain increases
with increasing N. The gain bandwidth increases with increasing band filling and
becomes larger than kT at large filling (Fig. 7.4c); then the widths of the distributions
are larger than k T.

The gain coefficient o depends on different parameters: temperature of the active
medium; Einstein coefficient B,;; electron density N; energy distributions in the
levels of the lower and the levels in the upper band. The «(v) curve can have a
complicated shape (Fig.7.5a). Gain occurs if the maximum oy,.x of the a(v) curve
becomes (for N = N,) positive. With increasing N, o,y increases and the gain
bandwidth increases too. Figure 7.5b (solid line) shows o, versus N for values of
N around the transparency density. The expansion of o, leads to

Omax = Oeff X (N - Ntr)’ (744)
where the differential cross section
Oeff = (805max/81\])N=N(r (7.45)

is an effective gain cross section. The effective gain cross section (Fig.7.5b, dashed)
corresponds to the slope of o (N) near M. The effective gain cross section is
the gain cross section related to the density of two-level systems excited in addition
to the two-level systems that are, at the transparency density, already in the excited
state. We will discuss later (in Chaps. 21 and 22) how we can determine the effective
gain cross sections and om,x as well as gain bandwidths of bipolar semiconductor
lasers; a value of an effective gain cross section is given in Table7.1.

We will introduce two other effective gain cross sections in connection with the
discussion of gain coefficient of a doped fiber (Sect. 18.7).


http://dx.doi.org/10.1007/978-3-319-50651-7_21
http://dx.doi.org/10.1007/978-3-319-50651-7_22
http://dx.doi.org/10.1007/978-3-319-50651-7_18
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7.5 Gain Coefficients

The gain coefficients of different laser media differ markedly (Table 7.2 and Fig. 7.6—
they differ by eight orders of magnitude. The gain coefficient is small for the helium—
neon laser, it is large for the CO, laser and for solid-state lasers. It is very large for the
(bipolar) semiconductor laser and the quantum cascade laser. The gain coefficient
of a medium can be obtained by an analysis of the properties of an active medium
or from the study of the laser thershold. The length L’ of an active medium is about
I mm or smaller for a semiconductor laser and lies between several centimeters and
about 1 m for the other lasers. We can ask whether it is possible to increase N, — N
in order to obtain larger gain coefficients. The answer is different for the different
lasers.

Table 7.2 Gain coefficients
Laser A am™Yy | L' (m) G o1 N> — Ni
(G1) [oett] [N — Nyl
(m?) (m™3)
HeNe 633nm | 0.014 0.5 1.014 14 x 10716 |10
CO, 10.6pum |5 0.5 3 12x10720 |1.5x 10'8
Nd:YAG 1.06 pm | 20 0.1 50 8.1 x 10722 |1 x 10?3
TiS E||c 830nm | 20 0.1 50 23x 1073 |8x 108
Fiber L5pm | 07 10 (10%) [6x 1072] | 1.2 x 10*
Semiconductor | 840nm | 1,500 1073 4.5) [3x 107197 | [6 x 10?!]
QCL 5 um 1,000 1072 2.7 10716 10"
Fig. 7.6 Gain coefficient of
different laser media gl Jliemiconduclor laser
Vo
[ 91 AAT:YAG
283
g E]: | 36|0 | ‘ns 1
'E, 300 T 400 500
% =2 I Atlber
3 200
§, o] ACO;
30
EI HeNe
474

frequency (THz) —»
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e Helium—neon laser. The excited neon atoms have a large gain cross section. How-
ever, the population difference N, — N, that can be reached is very small.

e C O, laser. The value of the population difference given in the table is obtained at a
discharge in a gas of 5 mbar pressure. Higher population differences are obtainable
at higher gas pressures (e.g., at a gas pressure of 1 bar in pulsed lasers), which
emit pulses of high power. The gain coefficient « at the line center does not change
with N, — Nj because of collision broadening (Sects. 14.2 and 14.8).

e Nd:YAG laser. The population difference N, — N; increases in case of stronger
pumping. However, it is preferable to make use of stronger pumping to increase the
laser output power rather than to enhance the population difference
(Chap.8).

e Titanium—sapphire laser. The population difference cannot increase much further,
it has already a value near 10% of the density of Ti** ions (at a doping level of
10% m™3). A further increase of N, — N, leads to saturation of the pump rate
(Sect.5.4).

e Fiber laser. An increase of the population difference (at stronger pumping) by
a factor of 10 is possible; the impurity concentration, Ny = 7 x 10 m~3, is by
about an order of magnitude larger than for crystals. The transparency density is
NH ~ N() / 2.

e Bipolar semiconductor laser. An increase of the population difference N — Ny,
and of « by less than an order of magnitude is possible.

e Quantum cascade laser. Whether the population difference can be increased
depends on the specific design.

While the gain coefficient curves of gas lasers follow directly from atomic properties
of gases and of solid-state laser media from atomic properties of impurity ions in
solids, the situation is completely different for semiconductor and quantum cascade
lasers: it is possible to choose the center frequency vy of a gain coefficient curve
through the choice of an appropriate semiconductor material and an appropriate
heterostructure. Designing bipolar semiconductor lasers is possible for almost all
frequencies of radiation in the near UV, the visible and the near infrared (150-
800THz). Designing quantum cascade lasers is possible for all frequencies in the
range 11-150THz or, as cooled quantum cascade lasers operating at a temperature
of 80K, in the range 1-5 THz.

7.6 Gain Coefficient of Titanium—Sapphire

In the preceding section, we presented gain data of titanium—sapphire. Here, we
show how we can obtain the data. The fluorescence band extends over a large wave-
length range. Therefore, we have to take into account that the Einstein coefficient of
spontaneous emission varies strongly with frequency. We now determine the spectral
distribution S, (v) on the frequency scale from the spectral distribution S (1) on the
wavelength scale, represented in Fig. 5.3 (Sect.5.3). We use the relation
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Sy()|dv| = Sy (A)[dA], (7.46)
where dv is a frequency range near the frequency v and dA the corresponding wave-

length range near the wavelength A = c¢/v. With v = ¢/A and |dv| = |dA|/A%, we
obtain

S, = ! S, = » S (7.47)
VT ldv/dal T e M '
S, is proportional to g(v) and to A, (v), i.e.,
S,(v) 5
gv) = K, ) =Ky, A’ Sy. (7.48)

K, and K are constants. Multiplying S, (Fig.5.3) by A° and normalizing the maxi-
mum of the lineshape function to 1, we obtain the gain profile g(v) shown in Fig.7.7
(solid line). The curve yields the center frequency vy (~ 360 THz) and the gain band-
width Av, (~110THz). The ratio of the gain bandwidth and the center frequency is
about 0.3. The gain coefficient o (v) has a Gaussian-like profile. At small frequencies
(v < 1), the decrease of the g(v) curve is less steep than for a Gaussian lineshape
(dotted). A Gaussian-like gain profile, with a deviation from a Gaussian profile at
small frequencies, is consistent with the vibronic character of the energy levels as we
will discuss later (in Chap. 17)—the deviation is a consequence of the anharmonicity
of the lattice vibrations of sapphire. We attribute the line broadening to homogeneous
broadening (Sect. 17.4).

Figure 7.8 (upper part) shows the absorption coefficient of Ti**:Al,O3 and, fur-
thermore, the gain coefficient of excited Ti?*:ALO;5 in the case that 8% of the tita-
nium ions (in a crystal containing 10? Ti** ions per m?) are in the excited state. The
maximum gain coefficient follows from the relation op,x = Nomax, Where N, is the
density of excited Ti** ions. We find that the maximum cross section of stimulated
emission is equal to

Av, Av, r/n)?
Omax = avVm In2 —2 G0 (vo) ~ 1.48a —= (G/m) , (7.49)
Ay Avy 2w
Fig. 7.7 Gain profile of 1.0 -
Ti**:AlL,O3 5
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Fig. 7.8 Absorption and gain coefficients of Ti*T:Al,03

where Avy, is the natural linewidth, Ay the gain bandwidth, o, (1) the cross
section corresponding to a naturally broadened line and n (=1.74) the refractive
index of sapphire; the factor +/r In 2 takes account of the difference of a Gaussian
and a Lorentzian profile and the factor a (~2) of crystal anisotropy.

7.7 Gain Coefficient of a Medium
with an Inhomogeneously Broadened Line

We can decompose an inhomogeneously broadened line, e.g., a Gaussian line, into
homogeneously broadened lines. We introduce:

e v, = center frequency of an inhomogeneous broadened line.

e ginh (v, V) lineshape function describing the inhomogeneous broadening.

e 1y = resonance frequency of a specific two-level atomic system; each two-level
atomic system has its own resonance frequency.

® ghom(V, Vo) = lineshape function describing the homogeneous broadening of a
two-level atomic system that has the resonance frequency vy.

° dN;lv0 = Naginn (Vo, Vc)dvy = density of two-level atomic systems in the upper
laser level that have the resonance frequency in the frequency interval vy, vy + dvg.

° led”‘] = Ni1ginh (Vo, vc)dvy = density of two-level atomic systems in the lower
laser level that have the resonance frequency in the frequency interval vy, vy + dvp.

The temporal change of the population difference is given by

d(N> — Ny)/dt = —y Z, (7.50)
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and the temporal change of the photon density is
dZ/dt =y Z, (7.51)

where

oo

y(v) = /hvghom(v —v0) Ba1 (N2 + N1 (f2 — f1)&inn (vo)dvo (7.52)
0

is the growth coefficient. We have used the relation N, — N; = (N, + N (f2 — f1).

The gain coefficient is @ = (n/c)y. Two-level atomic systems that have different
resonance frequencies vy contribute to the gain coefficient at frequency v. The Ein-
stein coefficient B;; can depend on frequency. A special case of (7.52) is the Voigt
profile (Problem 14.2b).

7.8 Gain Characteristic of a Two-Dimensional Medium

There are two possibilities to arrange a two-dimensional active medium in a light
beam. The propagation direction of the light can be parallel to the plane of the medium
or perpendicular. We treat here the first case and the second case in the next section.

We consider the propagation of a parallel light beam that contains a two-
dimensional active medium (Fig. 7.9). The propagation direction of the light is paral-
lel to the plane of the medium. We introduce the average density of two-level atomic
systems in the light beam,

NZD
N, av — T » (753)
az
where a; is the extension of the beam perpendicular to the film plane—the height of
the photon mode—and N2 is the two-dimensional density of two-level systems in

the two-dimensional medium. If N22D - N 12D is the population difference, the average
population difference in the light beam is

2D 2D
N> — N

as

(N2 = Npav = (7.54)
The average density is independent of the thickness of the two-dimensional active
medium. It follows that the temporal change of the photon density in a disk of light
is equal to

dz N2> — NP

Z. 7.55
dr ap ( )
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Our procedure is justified because it does not matter at which position within the
photon mode the two-level atomic systems are located. As an essential condition, we
assumed that the photons in the light beam belong to a single mode.

The growth coefficient is equal to

N2D _ NZD
y =by——-—. (7.56)
a
Taking into account that b} = (c/n)oy;, we find the gain coefficient
N2D _ N2D
o = 071 ; (757)
a

The gain coefficient « is inversely proportional to the extension of the photon mode
perpendicular to the plane of the two-dimensional medium and is called modal
gain coefficient. The single-path gain factor of radiation transversing a medium of
length L is

G, =e". (7.58)
We introduce the two-dimensional gain characteristic
H®(v) = o5 (0N = NP), (7.59)

as the product of the gain cross section and the difference of the two-dimensional
populations. The modal gain coefficient is given by

1
a=—H?P (7.60)
ap
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and the modal growth coefficient by

y =< HP, (7.61)
nay

The two-dimensional gain characteristic completely describes the active medium
while the gain coefficient and the growth coefficient depends not only on the proper-
ties of the active medium but also on the extension of the photon mode perpendicular
to the plane of the two-dimensional medium. Thus, a modal gain coefficient refers to
a hypothetical medium: the hypothetical medium has the height of the photon mode;
it contains a homogeneous distribution of two-level systems; the density of two-level
systems in the hypothetical medium is equal to the density of two-level systems in
the two-dimensional medium divided by the height of the photon mode.

Example GaAs quantum well in a light beam in a quantum well laser
(Chaps.21 and 22).

7.9 Gain of Light Crossing a Two-Dimensional Medium

In the case that a light beam is crossing a two-dimensional active medium (Fig.7.10),
it is convenient to make use of the gain factor rather than the gain coefficient. The
average population difference in a disk of light is

2D 2D
2 _Nl

N, — N av —
(N2 1) 5

: (7.62)

where §z is the length of the disk. The change of the photon density within the
interaction time 8t = ndz/c is

N2D _ N2D
8Z=—-2—"1 p, Z6st. (7.63)
8z
It follows that
87
— = 021(N° — NiP) (7.64)
and, with G; — 1 =6Z/Z, that
Gy — 1 =0y (N3° — NP®) = H®(v). (7.65)

The single-path gain G; — 1 of radiation crossing a two-dimensional medium is
equal to the two-dimensional gain characteristic.

Example a light beam crossing a GaAs quantum well in a quantum well laser
(Chaps.21 and 22).
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Problems

7.1 Amplification of radiation in titanium-sapphire. Given is an active titanium—
sapphire medium with a population difference N, — N; = 10** m~3.

(a) Determine the gain coefficient at the frequency of maximum gain.

(b) Determine the single-path gain factor at the frequency of maximum gain when
the crystal has a length of 10cm.

(c) Determine the gain coefficient and the single path gain factor of radiation at a
wavelength in vacuum of 1 pm.

7.2 Gain cross section of Ti** in titanium-sapphire. Compare the gain cross
section of an excited Ti** ion with the gain cross section of a two-level system
that has a naturally broadened line at the frequency of maximum gain coefficient of
titanium—sapphire.

7.3 Two-dimensional gain medium. The two-level systems of a two-dimensional
gain medium have a gain cross section 05; = 1.5 x 107! m?. The population differ-
ence is equal to N3° — NP = 100 m~2.

(a) Estimate the modal gain coefficient in the case that radiation propagates along
the active medium and that the mode has a height of 800 nm.
(b) Estimate the gain for radiation traversing the medium.

7.4 Anisotropic media.

(a) We manipulate the two-level atomic systems of an active medium (for example,
by applying a magnetic field, so that the atomic dipoles have an orientation
mainly in one direction instead of a random orientation); we assume that Aj;
does not change. Determine B and o5, for radiation of different orientations
of the electric field vector of electromagnetic radiation.
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(b) We assume that we orient the two-level systems with their dipoles in a plane.
Determine B,; and o07; for radiation polarized either parallel or perpendicular to
the plane.

7.5 Oscillator strength. The classical oscillator model of an atom provides the clas-
sical absorption cross section of an atom, o (v) = e?/ (4eomoC) gL res(v), according
to (9.67)

(a) Show that the classical absorption strength is

2

S = /acl(v)dv = . (7.66)

degmoc

(b) Show that the quantum mechanical absorption strength is equal to
s / (v = "By = A2 c (7.67)
= o21(v)ay = —nv = = . .
2 c 7 8an2y? 8rn?v2tg,

(c) We introduce the oscillator strength f via the relation

S=38ax f (7.68)

Estimate the oscillator strengths, which correspond to the absorption and to the
gain cross sections of titanium—sapphire.
(d) Show that in case of a narrow line

25

87nity,’

(7.69)

where Ag = ¢/vy.

7.6 Fluorescence line and absorption cross section.

(a) Show that we can write, in case of a narrow line caused by transitions in an
ensemble of two-level atomic systems,

1 8mcn?
— ~ 2 / o (VdA, (7.70)
Tsp Ao

where A is the center wavelength, n the refractive index and o, the absorption
Cross section.
(b) Show that this leads to the relation

A S(A)da
87n’ty [ S(A)dL

on(d) = (7.71)


http://dx.doi.org/10.1007/978-3-319-50651-7_9

Problems 117

where S(1)dX is the fluorescence intensity in the wavelength interval dA at
the wavelength A and [ S(1)dA is the total fluorescence intensity. This relation
is sometimes called Fiichtbauer-Ladenburg relation; in the 1920s, Fiichtbauer
studied absorption lines [48] and Ladenburg (see Sect.9.10) fluorescence lines
of atomic gases.

7.7 Gain saturation. We consider a four-level laser medium and take into account
both pumping and relaxation. Instead of (7.13), we write

dN,/dt =r — by Z(N, — Ny) — Na /1)

el’

(7.72)

where r is the pump rate (per unit of volume). We assume that 7.; < 7%, and therefore
N, < N3, and find

N2 = Nzy()(l + b21T:dZ). (773)

We introduce the intensity I = cZhv. It follows that the large-signal gain coeffi-
cient is

ap=a/(1+1/I), (7.74)
where

Iy =c/(Bug()ty) (7.75)

is the saturation intensity.

(a) Sketch gain curves for I /I = 0; 1; 10. [Hint: in the case of homogeneous broad-
ening, the whole line saturates. ]

(b) Determine the saturation intensity For Nd: YAG.

(c) Determine the saturation intensity For titanium—sapphire.

7.8 Saturation of absorption.

(a) Consider an ensemble of two-level atomic systems and show that the large-signal
absorption coefficient is

aps,1 = Qabs/ (1 +1/15), (7.76)

where s = —(n/c)hvBi,g(v) (N, — Nj) is the small-signal absorption coef-
ficient, I = cZhv the intensity of radiation, and

Iy=c/ (2Blzg(v)tr*el) (7.77)

the saturation intensity. [Hint: begin with (7.26); take into account that the total
population density Ny = N, + N; is constant; introduce the population dif-
ference AN, with AN = N, — Nj; then derive the differential equation for
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d(AN)/dt and determine the steady state solution; because the lower level
remains populated, the saturation intensity is smaller (by a factor two) than
in case of a four-level system with a short lifetime of the lower laser level (Prob-
lem7.7).]

(b) Determine AN, N», and N; for I = I;.

(c) Sketch absorption curves of a transition for /I = 0; 1; 10.

(d) Why is the saturation intensity in case of saturation of absorption and in case of
gain saturation independent of the populations of the two-level systems?

7.9 Show that the transition probability for stimulated emission induced by mono-
chromatic radiation in a frequency band dv is given by
Waisim = Baip(v)g(v)dv.

7.10 The photon flux in a beam of monochromatic radiation is @ = cZ, where Z
is the photon density.

(a) Show that the transition probability for stimulated emission for an atom in the
beam is equal to wp; (V) = o (V).

(b) Determine the photon flux that is necessary to reach wy; = 1077 s for the laser
materials mentioned in Table7.1.

7.11 Relate the transition probability for stimulated emission to the growth coeffi-
cient and to the gain coefficient.

7.12 Test of equations. Compare the dimensions of left and right side of the fol-
lowing equations:

(7.18), (7.23), (7.38), and (7.52).

[Hint: for the dimension of B,;, see (6.11) or Table6.1.]

7.13 Determine B, for the transition that is responsible for the absorption band of
titanium—sapphire for E Il ¢ (Fig.7.7).

7.14 Optical thickness and self-absorption. The optical thickness of a material is
defined as the product o L, where « is the absorption coefficient and L the length of
the material; a material is optically thick if «L > 1 and optically thin if « L < 1.

(a) Determine the length of a titanium-sapphire crystal for which oL =1 in the
center of the pump band of a TiS laser. [Hint: make use of Fig.7.8]

(b) Determine the thickness of a TiS crystal at which self-absorption of fluorescence
radiation strongly influences the fluorescence spectrum.
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Chapter 8
A Laser Theory

In this chapter, we present simple laser equations describing the dynamics of laser
oscillation. The equations are coupled rate equations relating the populations of the
laser levels and the photon density.

The laser equations provide the threshold condition, the pump threshold, and
the threshold population difference. The solutions to the equations indicate that, at
steady state oscillation, clamping of the population difference occurs. Pumping with
a pump power exceeding the pump threshold results in generation of laser radiation.
The analysis of the laser equations allows us, furthermore, to determine the oscillation
onset time and to calculate the optimum output coupling efficiency of a laser.

During the onset of laser oscillation, the interplay of the active medium with the
field in a laser resonator can lead to oscillations (relaxation oscillations) of both
the density of photon in the resonator and the population difference. We derive
a criterion of the occurrence of relaxation oscillations. The relaxation oscillations
have frequencies in the GHz range.

We perform an estimate of the laser linewidth. It is finite because of the influ-
ence of noise on laser oscillation. Amplification of radiation, which is either due to
spontaneous emission by the active medium or due to thermal radiation in the laser
resonator is the origin of the finite linewidth of laser radiation.

In the next chapter, we will extend the theory taking into account that laser oscil-
lation is joined with a high frequency polarization of the active medium.

8.1 Rate Equations

To describe dynamical processes occurring in a laser, we make use of a rate equation
theory; the rate equations correspond to differential equations of first order. We treat
the four-level laser. The theory applies, without modification, also to the three-level
laser (with the pump level coinciding with the upper laser level).

In the center of the four-level laser (Fig.8.1) is a two-level atomic system with
the upper laser level 2 and the lower laser level 1. An ensemble of two-level atomic

© Springer International Publishing AG 2017 119
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Fig. 8.1 Four-level laser 3 'y
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systems interacts with the laser radiation by stimulated emission and absorption of
radiation. The upper laser level can relax (relaxation time 1)) by transitions to the
lower laser level. Pumping into the pump level (level 3) and fast relaxation leads to
a population of the upper laser level. The population rate r is a measure of the pump
strength. The lower laser level is depopulated by relaxation (relaxation time Tyj). We
assume that further processes, like the relaxation 3 — 1 or 2 — 0, are negligibly
week.
We describe the dynamics of the four-level laser by the laser rate equations:

dN, N>

—— =r—— —bnZ(N»— Ny, 8.1
dr rel
dN N N-
— =+ 2 by Z(N2 — ), (8.2)
dr Tl Toy
dz V4
— =0y Z(N» — Ny) — —. (8.3)
dt T

These laser equations take into account the following processes:

e The upper laser level is populated by pumping with the pump rate r. It is depopu-
lated by relaxation with the relaxation rate N, /7%, and by the net effect of stimu-
lated emission and absorption with the rate by Z(N, — Ny).

e The lower laser level is depopulated by relaxation to the ground state with the rate
N1/t It is populated by the relaxation of the upper laser level and the net effect
of stimulated emission and absorption.

e The photon density increases according to the net effect of stimulated 2 — 1
transitions and absorption processes and decreases due to loss of photons in the
resonator.

The three equations are nonlinear differential equations relating Ny, N,, and Z. We
list the quantities used for description of the four-level laser:

e N, = population of the upper laser level = density of two-level atomic systems
in the upper laser level = number density (=number per m?) of two-level atomic
systems in the upper laser level.

e N; = population of the lower laser level = density of two-level atomic systems
in the lower laser level.

e N, — N; = population difference.
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Ni + N, = density of two-level atomic systems.

7, = lifetime of the upper laser level with respect to 2 — 1 relaxation.

Tl = lifetime of the lower laser level with respect to 1 — 0 relaxation.

r = pump rate (per unit volume) = number of two-level atomic systems in the
upper laser level that are excited per m® and s.

E, = E, — E; = energy difference of the laser levels = transition energy.

e v = frequency of the laser radiation.

Because of line broadening effects, the quantum energy hv of a laser photon is not
necessarily equal to the transition energy E,;. We are describing a laser that oscillates
on one mode. We characterize the light in the laser resonator by the quantities:

Z = photon density (=number of photons per m?).

7, = photon lifetime = average lifetime of a photon in the resonator.

Kk = ki + Kout (=1/7p) = photon loss coefficient of the resonator.

k; = internal loss coefficient describing loss of photons within the resonator.

kout = loss coefficient describing loss of photons by output coupling of radiation.
by1(v) = hvB,1g(v) = growth rate constant.

071 = nby| /c = gain cross section.

n = refractive index of the active medium at the laser frequency.

¢ = speed of light in vacuum.

8.2 Steady State Oscillation of a Laser

At steady state oscillation, the populations and the photon density are independent
of time,
dN,/dt =0; dN,;/dr=0; dZ/dr=0. (8.4)

We obtain the three laser equations

r— Ny/tyy — by Z(N» — Ny) =0, (8.5)
—N1 /Tt + N2 /T + b21 Z(N2 — Ny) =0, (8.6)
bz]Z(Nz—Nl)—Z/TPZO. (87)

(In the case that the laser levels are degenerate, we have to replace N, — N; by N, —
N, g2/g1. Population inversion then corresponds to the condition N, > N g2/81;
g1 = degree of degeneracy of level 1 and g, = degree of degeneracy of level 2. In
the following, we treat an ensemble of two-level atomic systems, g; = g» = 1.)

At steady state oscillation, the photon density is unequal to zero (Z # 0) and we
can eliminate Z from the first two equations and find

Nl,oo/frel =T. (88)
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The relaxation rate of the lower laser level is equal to the pump rate. This result is
obvious (see Fig. 8.1): at steady state, the pumping compensates the loss of two-level
atomic systems.

Equation (8.7) yields the threshold condition:

1 K + Kout
but, hvByg(v)’

(N2 = N = (N2 = Np)oo = (8.9)

(N2 — Ny is the threshold population difference. The population difference at
steady state oscillation is equal to the threshold population difference,

(N2 = Ni)oo = (N2 — Ni)p. (8.10)

The population difference is independent of the pump rate and is “clamped” to the
threshold population difference (N, — Np)y. The population difference is equal to
the reciprocal of the product of the growth rate constant and the lifetime of a photon
in the resonator. The threshold decreases with increasing growth rate constant and
with increasing photon lifetime. The threshold condition is also discussed in the next
section.
We find, with
(N2 — N)oo = (N2,00 — N1,c0), (8.11)

that
1

Nz,oo - Nl.oo + .
bz]‘fp

(8.12)

Both N; », and N,  increase linearly with the pump rate while the difference expe-
riences clamping.
It follows from (8.5) and (8.6) that the photon density is given by

N, — N

Zeo=r (1—2) 7y — M2 ” Ny, (8.13)
rel Trel

The photon density at steady state oscillation increases linearly with the pump rate

(Fig.8.2). The threshold pump rate ry, follows from the last equation, for Z,, = 0,

N, — N
iy = & (8.14)
Trel(l - Trel/Trel)

The threshold pump rate (=pump rate at laser threshold) compensates the loss of N,
population that is due to 2 — 1 relaxation processes.

Equation (8.13) shows that the photon density Z,, becomes infinitely large if
7, = 00, i.e., if the lifetime of the photons is not limited by loss of photons by
escape from the resonator or by loss within the resonator. A laser without any loss,
Ki = kout = 0, would contain an infinitely large number of photons.
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Fig. 8.2 Photon density at 7
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We now consider the case that the relaxation time of the lower level is small
compared with the relaxation time of the upper laser level, 7y < t.%. Then the
threshold pump rate is equal to

N, — N 00 1 i ou
ro = M2~ Moo _ _ K ou (8.15)

* - * *
Trel b 21 el Tp b21 Trel

and the photon density at steady state oscillation is

r 1
Zoo = (V — rth)rp = (a — l) b21‘[*l' (816)
re

Without output coupling loss (ko = 0) but with internal loss, the threshold pump

rate is equal to
P
Fihi = —— (8.17)
b Trel

and the photon density is
r 1
Zooi=— — .
Tk bty

(8.18)

8.3 Balance Between Production and Loss of Photons

We will express the threshold condition in different ways. All formulations are
equivalent.

The condition of steady state oscillation is the following: the rate of photon pro-
duction is equal to the rate of photon loss:

Z
by (N2 — N)wZoo = Tw (8.19)
P

Dividing by Z,, we obtain

L —— 8.20)
b1 (N2 — Ni)o P (



124 8 A Laser Theory

On the left side, we have the time it takes, in the time average, to produce one

photon and on the right side, we have the average lifetime of a photon in the laser

resonator. We can interpret the steady state: during its lifetime in the resonator,

a photon reproduces itself by a stimulated emission process exactly once.
Alternatively, we can write

1 1
(N2 = N = = —.
CTp021 lp0‘21

8.21)

The threshold population difference is inversely proportional to the product of the
path length [, of a photon in the resonator and of the gain cross section o;. We can
also write

(N2 — ND)ooO21lp, = 1. (8.22)

This means: On its multiple path through the resonator, a photon induces exactly
one photon by a stimulated emission process. Or, on its multiple path through the
resonator, a photon reproduces itself before it leaves the resonator. Finally, we write

1

(NZ_Nl)oo = .
Uzllp

(8.23)

By replacing the photon path length /[, = 2nL/(—In V), we obtain the threshold

population difference
—InV

N, — N = —.
(N> Doo Loy

(8.24)

The threshold population difference tends to zero if the V factor approaches unity.

8.4 Onset of Laser Oscillation

We assume that we suddenly, at time ¢ = 0, turn on a population difference (N, —
Ni)o. The temporal change of the photon density Z in the laser resonator is, for
small Z, given by the equation

1dZ 1
—— =br;1 (N, — Ny)g — —. 8.25
7 dr 21 (N2 10 - (8.25)

The solution is

Z(t) = Zy et (8.26)
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Z is the photon density at t = 0,
Yo = b21(N2 — Ny)o (8.27)

is the small-signal growth coefficient, and k = 1/1, is the decay coefficient of the
resonator with respect to the decay of a photon.

To estimate the onset time f,,, we now assume that the population difference
remains constant during the buildup of laser oscillation and changes suddenly to the
steady state value (N, — N|)o. Under this assumption, the density Z of photons in the
resonator increases exponentially until it reaches the steady value Z.,. Accordingly,
we find

Zoo = Zo e V0™ on (8.28)
It follows that the oscillation onset time is equal to

n(Zay/Z
oy = MZex/Z0) (8.29)
Yo — K

This is the same result as derived earlier (in Sect.2.9) since the gain factor is Gy =
e’T and the V factoris V = e *T, where T is the round trip transit time; see (2.85).

According to our description of the buildup of laser oscillation, the photon density
increases exponentially (Fig. 8.3) until it reaches, at the onset time #,,, the steady state
value Z ... The population density decreases at the onset time 7., from (N, — N;) to
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Fig. 8.3 Onset of laser oscillation


http://dx.doi.org/10.1007/978-3-319-50651-7_2
http://dx.doi.org/10.1007/978-3-319-50651-7_2

126 8 A Laser Theory

(N2 — N1)oo- We will later (in Sect. 9.7) show that the population difference N, — N
and the photon density Z are smoothly going over into their steady state values
(dashed curves in Fig. 8.3).

In our discussion of the onset of laser oscillation, we assume that the relaxation
time of the upper laser level is much smaller than the onset time, 75} < fo. In this
case, the population N, reaches a constant value at ¢t = 0, immediately after the
start of the pumping, as indicated in Fig. 8.3. Together with the population N, the
population N reaches a constant value immediately after the start of pumping too.

The helium—neon laser belongs to the lasers that fulfill the condition of a fast
relaxation in comparison with the oscillation onset time. The relaxation time 7}, of
many other laser media (for instance, of titanium—sapphire) is much larger than the
oscillation onset time. Then the population and the photon density show dynamic
effects, which we will discuss later (Sects. 8.8 and 9.8).

8.5 Clamping of Population Difference

The population difference at steady state oscillation is clamped to the threshold
population difference. What does this mean with respect to the occupation number
difference f, — f1? It follows from the laser equations of the steady state that the
density of two-level atomic systems increases with increasing pump rate according to

(Nl + NZ)oo = + 2r.’-—rf:l- (830)
b21‘L'p
Both N} » and N,  increase,
Nioo = Tl (8.31)
Noyoo = + 7 Tpel. (8.32)
bzl‘fp
The occupation number difference is given by
(N2 — Ny) 1 1
(fr= f)oo = —— 122 — (8.33)

= X .
(N2+Np)sw N2+ N batp

The solid lines of Fig. 8.4 illustrate our result concerning a laser oscillating above
threshold. With increasing pump rate, the density N, + N; of two-level atomic
systems increases and the population difference (N, — N} ). remains constant while
the occupation number difference f, — f} decreases; below threshold, the populations
N, and N as well as f, — f} increase linearly with the pump rate (dashed lines). In a
four-level laser, the occupation number difference f, — fi decreases with increasing
pump rate. An increaasing pump rate corresponds to an increasing density of two-
level systems in the active medium.


http://dx.doi.org/10.1007/978-3-319-50651-7_9
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If the lifetime of the lower laser level is very small, T, < 7., the two-level atomic
systems are mainly in their excited states because the population of level 1 is small
compared to the population of level 2 (N; < N;). Then the population difference
is nearly equal to the density of the two-level atomic systems, N, — Ny = N, + Nj.
Accordingly, the occupation number difference is near unity, (f> — f1)oo ~ 1.

We will later find (Chaps. 21 and 22) that for a two-band laser, clamping occurs for
the occupation number difference f, — f;. The reason is that the density of twolevel

systems in a two-band medium is constant and does not depend on the pump strength.

8.6 Optimum Output Coupling

How can we obtain optimum laser output? We have two limiting cases:

e If we choose an output coupling mirror of reflectivity R = 1, a strong laser field
builds up. The laser, however, does not emit radiation.

e If we choose an output coupling mirror of a reflectivity allowing laser oscillation
to occur just at threshold, then the laser field in the resonator is extremely weak.
The output power of the laser is negligibly small too.

Optimum output corresponds to an intermediate case. We can choose the reflectivity
of the output coupling mirror of a laser and thus the output coupling coefficient
(Fig. 8.5a). We are now looking for the value of «, that leads to optimum output; we
assume that 7,y < 1.5;. We introduce the photon output coupling rate r,y.. At steady
state, the output coupling rate (=number of photons coupled out from the resonator

per m® and per s) is

Kou
Fout = KoutZoo = ———(r — ru). (8.34)
Ki + Kout
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(a) (b) 10
= K=1
Kout £ :8 0.5 :
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Fig. 8.5 Output coupling of radiation. a Output coupling coefficient. b Output coupling efficiency
for two different pump rates

The output coupling rate is proportional to the difference of pump rate and threshold
pump rate. We can write

Fout = Zookion = ——u . _fout (8.35)
Kou +Ki DTy
We define the output coupling efficiency by
Nout = Tout/T, (8.36)
where r is the pump rate. A straightforward calculation yields
1 (K — Dkout/ki — Kfm//ci2
Nout = 3 E— ) (8.37)
where the parameter
K =r/rg; (8.38)

is a measure of the pump rate. By differentiating 1o, with respect to k,,, and equating
to zero, we find that optimum output coupling occurs if

(Kout/K)opt = VK — 1. (8.39)

The output coupling efficiency depends on the pump rate parameter K (Fig.8.5b).
At a fixed pump rate (e.g., corresponding to K = 3), the efficiency increases at weak
output coupling (kou: < ki) linearly with oy, reaches a maximum and decreases to
zero at the threshold value of xqy.

The maximum output coupling efficiency (Fig. 8.6) increases, for K > 1, with K
according to

Noutmax = (WK — 1)?/K. (8.40)
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When a laser is pumped far beyond threshold, +/K >> 1, the optimum efficiency 7oy
approaches unity. In this case, the pump power is converted into energy of relaxation
and energy of photons in the laser mode; almost all photons are coupled out. The
intrinsic loss of photons (e.g., due to diffraction or due to absorption of radiation
within the laser resonator) becomes negligibly small.

Which is the density Z, of photons in the laser resonator? Using the relation

KoutZoo = Tout = Nout?s (8.41)

we obtain, after a simple calculation,

Z K -1
Z} = —— = ( ) , (8.42)
rmi/ki 1+ Kou/Ki
where the ratio ryi/ki = (b21rr’;l)’1 is a quantity that characterizes a two-level

atomic system and where Z7_ is the photon density in units of this quantity.

Figure 8.7 shows, for K = 10, the output coupling efficiency and the density of
photons in the laser resonator. At optimum output coupling, the number of photons
in the resonator is by far smaller than at weak output coupling. The analysis shows
that optimum output coupling corresponds to a compromise between a high density
of photons in the resonator and a large output coupling efficiency.
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The total output coupling rate is roy or = Fouwdi1d2L, where aja; is the cross-

sectional area of the laser mode and L the length of the active medium. The total
output coupling rate corresponds to an output power Poy = Fout.tot/1V.

8.7 Two Laser Rate Equations

We will replace equations (8.1) and (8.2) by one equation. By subtracting (8.2) from
(8.1), we obtain, with the approximation N; < N,

d N 2(N,—N
Loy =r 2Ny Ny 643
dr Trel 5
and by addition of the two equations,
d N
—(Na+N) =r——L =0. (8.44)
de Trel

Addition of (8.43) and (8.44) leads to the differential equation

2(N2 — Np)

*
Tre]

d
E(NZ_NI) =2r — —2b21Z(N2—N1). (845)

We investigate the case that the population difference is suddenly turned on. At
t = 0, immediately after the production of the population inversion, the photon
density Z is negligibly small. It follows that

(N2 = Ni)o = rrg. (8.46)
The population difference (N, — Nj)o at time t+ = 0 is equal to the pump rate

multiplied by the lifetime of the upper laser level. By replacing r, we obtain (instead
of originally three equations) two laser rate equations:

d 2(N, — N 2(N, — N
4Ny = Ny = 220 _ o _ (2* D by Z(Na— Ny, (8.47)
dt rel trel
dz VA
d_ =byy(N, — N\)Z — —. (8.48)
t T

At steady state, d(N, — N;)/dt = 0, the population difference is given by

(N2 — Ni)o (N2 — Ni)o
Ny = NDog = 07, = 210
(N2 = Ni)os 1+byts, " 1+ Zoo/Zs

rel

(8.49)
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where

;!
Y bty

(8.50)

and where Z; is the saturation density. The decrease of the population difference
during onset of laser oscillation corresponds to a decrease of gain (gain saturation).
At the steady state, the large-signal gain coefficient is equal to

b Ny — N
o by (N, 1)o _ ag ’ 851)
c/nl+Zy/Zys 14+ Zw/Zs

where o is the small-signal gain coefficient, i.e., the gain coefficient in at Z < Z;.

We relate the initial population, the population at steady state and the photon
density at steady state. We assume again that 7.,y < 7%;. We find, from (8.9), (8.15)
and (8.46) and with coy; = bgl, the relations

(N2 —Ni)o r

W = r_ = 1 + cr:;lamzoo = 1 + 'L'* b(z)lzoo (852)
2 7 IV1)oo th

rel

Now, the questions remain how N, — N; develops in the time region ¢ & f,, from
the initial value (N; — N1)g to (N2 — N1) oo and how the photon density changes from
the exponential increase at t < 7., to the constant value Z .. To study the transition
from the initial to the steady state, it is necessary to know more about the role of the
active medium. This question is a topic of the next chapter.

We obtain a connection to the next chapter by considering the energy content
of a laser. A laser contains three forms of energy: energy of excitation of two-level
atomic systems uex = (N2 — Ni)oo(E2 — E1) = hv/coa;7p; electromagnetic field
energy u = g9A2_/4; and polarization energy of density Upol. A goal of the discussion
presented in Chap. 9 will be to find out the relations between the three forms of energy
during the buildup of laser oscillation as well as at steady state—we will find that,
at steady state, the polarization energy density is equal to the field energy density.

8.8 Relaxation Oscillation

A relaxation oscillation can occur during the buildup of a laser oscillation. We
search for an oscillation of the population difference and of the photon density at
time t = t,,. We use the ansatz

(NZ_NI) = (NZ_Nl)oo"f'Nosc, (853)
Z =Zoo + Zose. (8.54)
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Nose = (N2 — Nip)osc is the oscillating portion of the population difference and
Zose the oscillating portion of the photon density. We assume, for simplicity, that
Nose K (N2 — N1)oo and Zoge K Zoo. It follows from the laser equations that

dNg 2
os¢ = __ZOSC — 2rb21TpNosc (855)
dr T
and
dZose _ (L _ 1) Nose. (8.56)
dt T'th Trel

We neglected the terms with the product Nys.Zosc and made use of the relations
(N2 = N)oo = 1/(b217p) and Zoo = (r/rgy — 1)/(b21 7)), and supposed that 7% <
7,. By differentiating the first of the two equations and using the second equation,
we find

d2N05C+ 2 r dNOSC+ 2 "y N =0 (8.57)
dr e dr 75 \rm oe— ’

rel
This is the equation of a damped harmonic oscillation with the solution
Nose = Nose(0) €1/ 08 (@ose (f — fon)) - (8.58)

Nosc(0) is an initial value of the oscillating portion of the population difference at
time t = f,,. The ansatz yields the frequency of the relaxation oscillation

12t (7 r\°
Wose = —5~ —=1)-{— (8.59)
TtV Tp \'th Tth

and the damping (relaxation) time

I'th

Tdamp = - To- (8.60)

A relaxation oscillation occurs if

2
r r 2T
(—) < (— — 1) el (8.61)
T'h Fih 7
Otherwise, the relaxation oscillation is overdamped, i.e., there is no relaxation oscil-
lation.

At a pump rate r = 2 X ry, a relaxation oscillation is expected if 7, < 7%;.
This is plausible. An instantaneously large population difference leads to a large
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Fig. 8.8 Relaxation N, 4
oscillation

0 1 2 t"‘rdamp’

photon density. This causes a strong decrease of the population difference. Since the
photons leave the resonator quickly, the population can build up again and the process
of decrease and enhancement of population is repeats until the damping suppresses
relaxation oscillation. If the photons have a long lifetime (1, > 75,), an instantaneous
accumulation of a population difference is not possible and there is no relaxation
oscillation.

A helium-neon laser fulfills the condition 7, > 7,%; it shows no relaxation oscil-
lation. The photon lifetime of solid-state lasers and semiconductor lasers is shorter
than the relaxation time of the upper laser level, which is a condition of occurrence
of relaxation oscillations.

Example Relaxation oscillation in a bipolar semiconductor laser (Fig. 8.8).

o r/rm =2;15 =4ns; 7, =107 's.
o Wose =7 x 10°Hz; voie = 1.1GHz; v
® Tgump = 3MS.

~1' = 0.9ns.

0osc

A bipolar semiconductor laser driven by a modulated current emits radiation pulses.
The modulation frequency has to be smaller than the oscillation frequency. Otherwise,
instabilities can occur. We will discuss in Sect. 9.9 how we can calculate the dynamics
of such instabilities.

8.9 Laser Linewidth

Due to spontaneous emission, a laser line has a finite spectral width. To estimate
the laser linewidth, we make use of results with respect of a Fabry—Perot resonator
containing an active medium (Sect.3.7). The power P of radiation emitted by a
Fabry—Perot resonator (containing an active medium) at a frequency v in the vicinity
of a resonance frequency vy is given by

K
(1 = /G V)2 + 4GV sin’[27(v — v))L/c]’

K is a measure of the maximum power of a particular laser. It follows that the
linewidth (=laser linewidth [FWHM] is given by) is

P(v) = (8.62)
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1 - VGV

Av = — Y I=2 © (8.63)
7/GoV 2L

The linewidth is zero if GV = 1 but finite if GV is smaller than unity. We

consider the case that G,V is slightly smaller than unity. We can approximate, with

(1—-Va)(1+a)=1—aand 1+ /a ~ 2, the laser linewidth by

1-GV ¢
Avp = ——— —. 8.64
o 2L (8.6
We will now show that G V is slightly smaller than unity because of spontaneous
emission. We modify the rate equation of the photon density. The change of the
density of photons during around trip transit is the sum of the change due to stimulated

and spontaneous emission,

dz GV_IZ+A A ! N (8.65)
_— = V V—m—m . .
dr T 28 D) Aviaianl 2

The frequency range of spontaneous emission, covered by amode, is Av; = ¢/2L =
1/T and the probability of spontaneous emission of radiation into one mode is the
inverse of the density of states of photon modes in the resonator volume a;a, L within
the frequency interval Av;. The condition of steady state oscillation, dZ/dt = 0,
leads to the relation

(1-=GxV)Zsx =ThyNo (8.66)
ajax L
or
by N,
Ay = 2z (8.67)
27T(11(12LZ00
We relate the photon density and the power of the laser radiation,
Z Lh
Lo LAY Pou. (8.68)
™
It follows, with the resonator linewidth Av,s = (27 rp)’l, that
hv
AUL = AvresbﬂNz,th. (869)
out
Using the threshold condition that is still approximately valid,
Noh — Nim 1
(Notn — Niw) bat = Npw — = by = —, (8.70)

Now 7
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we find the Schawlow-Townes formula [39]

27'[,/”)(Avres)2 N2,lh - Nl,th

AUL =
Poy No

(8.71)

We define the quality factor Q of the laser radiation as the ratio of the laser frequency
and the halfwidth of the laser line. It follows, with Poy = Zio X hv/T,, Where Ziy
is the total photon number in the resonator, that

v Ny — Ny, H—f
QL = A_VL = Zin Qres % = Zt Qres % (872)

Ores = V/Aves = 2wy, is the Q factor of the resonator and 7, the lifetime of
a photon in the resonator. The quality factor of the laser radiation is proportional
to: the number of photons in the resonator, the quality factor of the resonator, and
the occupation number difference divided by the relative occupation number of the
upper laser level. If f; < f>, we have (f> — f1)/f1 = 1. Then the quality factor of
the laser radiation is equal to the product of the number of photons in the resonator
and the quality factor of the resonator,

OL = Ziot Ores- (8.73)

Since we are considering a single mode laser, Z, is equal to the occupation number
n of the photons in the laser resonator mode.We obtain the simple relationship:

Avres
n

A\)L =

(8.74)

the halfwidth of the laser line is equal to the halfwidth of the resonance curve of the
laser resonator divided by the occupation number of the mode that is excited in the
laser resonator!

In the case that a laser is started by thermal radiation, i.e., if hv < kT, the quality
factor of the laser radiation is smaller by the factor hv/kT,

hv

QL = Zot Qres k_T (875)

Example helium-neon laser; v = 5 x 10" Hz; Avy = 1 MHz; Py = 1mW;
theoretical laser linewidth Av;, = 1073 Hz. A laser linewidth of 0.1 Hz has been
realized by thermal and mechanical stabilization. The experimental laser linewidth
corresponded to a relative frequency width of the laser radiation of Avy /v ~ 10714,

The frequency width of laser radiation can be very narrow as a consequence of
the feedback an active medium experiences from the radiation in the laser resonator.
Because of thermal and mechanical fluctuations, stabilization of a continuous-wave
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laser, in order to use it as a frequency standard, is extremely difficult. Femtosecond
lasers are more suited to develop a frequency standard (Sect. 13.7).
References [1-4, 6, 8, 31, 35-37, 39].

Problems

8.1 Threshold condition. Evaluate the threshold condition of a titanium—sapphire
laser operated as cw laser. The data of the laser: Fabry—Perot resonator L = 10cm,
filled with the active titanium-sapphire crystal (gain cross section op; = 3 X
1073 m?; frequency v = 360THz); reflectivity of the output coupling mirror
R = 0.98; cross-sectional area of the laser beam a;a, = 0.5 mm?.

8.2 Photon density, output power and efficiency. Determine the density of pho-
tons in the laser resonator and the laser output power of the laser described in Prob-
lem 8.1, for a pump power that is 10 times larger than the threshold pump power.
Evaluate the efficiency of conversion of a pump photon into a laser photon.

8.3 Oscillation onset time.

(a) Show that the oscillation onset time is always large compared to the period 27 /@
of the laser field. [Hint: make use of the data of Table7.1.]

(b) Estimate the oscillation onset time of the titanium-sapphire laser (described in
Problem 8.1).

8.4 Formulate the threshold condition in the case that the length L’ of the active
medium is smaller than the length of the laser resonator. Is the condition GV =1
still valid?

8.5 Estimate the laser linewidth of a semiconductor laser of a wavelength of 0.8 um
and an output power of 1 mW; loss factor V; = 0.3 and volume of the active
medium = 1073 m?.

8.6 Coherence length. Monochromatic laser radiation consists of radiation of a
line (halfwidth A)) at the laser wavelength A.

(a) Determine the coherence length /... [Hint: use as criterion that the number of
wavelengths of radiation at A — AA/2 and A + AA/2 differs by 1.]

(b) Determine the coherence length of radiation generated by a semiconductor laser.

(c) Determine [, of radiation generated by a highly stabilized helium—neon laser.

(d) Determine the coherence length of the radiation of a hypothetical continuous
wave laser at a frequency of 4 x 10'* Hz that is stabilized with a relative accuracy
of 10716,
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Chapter 9
Driving a Laser Oscillation

We investigate the role of electric polarization of a laser medium in order to obtain
further insight into dynamical processes occurring in a laser. The reader, who does
not wish to interrupt the description of a laser and its operation, may skip over this
chapter.

We study interaction of a medium with a high frequency field by use of Maxwell’s
equations. We derive five coupled differential equations of second order. Applying
the slowly varying amplitude approximation, we can reduce the equations to five
nonlinear differential equations of first order. The equations relate: population dif-
ference; amplitude of the field; phase of the field; amplitude of the polarization; and
phase of the polarization.

We can reduce the five differential equations to three in the case that transverse
relaxation of the polarization is absent and that the three relevant frequencies—
laser frequency, atomic transition frequency, and resonance frequency of the laser
resonator—coincide with each other. The three equations relate population differ-
ence, amplitude of the field, and amplitude of the polarization. The solutions yield the
temporal development of population difference, amplitude of the field, and amplitude
of the polarization during onset of laser oscillation.

We finally derive, in the slowly varying amplitude approximation, the laser equa-
tions in the case that transverse relaxation is present and that the laser frequency is
equal to the resonance frequency of the resonator but differs from the atomic transi-
tion frequency. We obtain five nonlinear coupled differential equations of first order
(Lorenz—Haken equations).

This chapter begins with an introduction of the electric polarization of a medium.
‘We make use of the classical oscillator model of an atom. We derive a classical expres-
sion of the dielectric susceptibility, which relates the field in a medium and the polar-
ization of the medium. We determine the classical absorption coefficient of a medium.
Comparing the classical absorption coefficient with the absorption coefficient derived
earlier by quantum mechanical arguments, we obtain a quantum mechanical expres-
sion of the dielectric susceptibility. The susceptibility of an active medium depends
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linearly on the population difference. We mention the Kramers—Kronig relations,
which relate real and imaginary part of a physical response function—the polariza-
tion of a medium is the response to an external field and the dielectric susceptibility
is the corresponding response function.

According to Maxwell’s equations, a laser oscillation can be driven either by a
high frequency electric polarization or by a high frequency current.

9.1 Maxwell’s Equations

To describe the response of a medium to an electromagnetic field, we make use of
Maxwell’s equations,

. dD
0B
VXxE=——0 9.2)
ot
V-E =0, 9.3)
V.B=0. 9.4)

V = (d/9x, /0y, 3/0z) is the del operator (=Nabla operator), E the electric field,
D the displacement field, j the electric current density of a high frequency electric
current carried by free-electrons, H the magnetic field and B the magnetic induction.
We exclude, with V - E = 0, local charge accumulations. Material equations provide
further relations:

D(E) = &oE + P(E), (9.5)
J=J(E), 9.6)
B = uoH, 9.7

where gy = 8.86 x 10712AsVIm™! is the electric field constant, Ho =4m X
1077 Vs A~ m™! the magnetic field constant and gypg = ¢ 2. We ignore, using the
relation B = poH, magnetic effects. The displacement field is the sum of the field
(times &¢) and the high frequency polarization P, which itself depends on the field.
The current density depends on the field. The quantities E, P and j can depend on
time and location. We can write the first Maxwell equation in the form

VxH=j+ 0E + i (9.8)
x H = go— + —. .
ST T
We now assume that the response is linear and introduce the dielectric suscepti-
bility x, the dielectric constant & and the conductivity & by the relations:
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P=¢ 7 E, (9.9)
D=¢iE, (9.10)
F=1+473 9.11)
J=&E (9.12)

The function x is a linear response function. It characterizes the linear response
of the polarization of a dielectric medium to a high frequency electric field. Corre-
spondingly, € is the linear response function for the dielectric displacement while &
is the linear response function for the current density.

The first Maxwell equation describing linear response is given by

G E)

. ~ o€ _0E
VxH=j+¢ =0cE+e — E+¢ee—. (9.13)
ot at
When a medium is in thermal equilibrium, then, d&/d¢ = 0. But, the dielectric con-
stant can be time-dependent, d&/dt # 0, for an active medium—which is always in
a nonequilibrium state.
The first Maxwell equation contains the displacement current density

oD JoE 0P
i = — =60 — + —, 9.14
Ja=Hr =05 ©-19)
which is the sum of the displacement current density €90 E /0t and the polarization
current density d P/d¢. The polarization current density corresponds to the portion
of the displacement current density that is due to polarization of a medium.
We assume that high frequency field, polarization and current are oriented along
x. A field

E=Ae", (9.15)
gives rise to a polarization
P = goX E = P —1iP, =¢gyx1Acoswt —iggxA sinwt, (9.16)
with
X=xi—1x. 9.17)
The real part of the polarization,
P, =¢gpx1 A coswt, (9.18)

has the same phase as the field. The imaginary part —i P, where
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P, = gyx2 A sinwt (9.19)
has a phase of 90° relative to the field. We will see that gain occurs if x» (w) is negative.
Note: throughout the book, we discuss, for convenience, the negative imaginary part
(e.g., x2) of a complex quantity, which characterizes a material property, rather than
the imaginary part (—y_) itself.
The polarization is phase shifted relative to the field,

P =¢gyx A cos [wt + ¢(w)], (9.20)

where

X=+xt+x3 (9.21)

is the absolute value of the susceptibility and where ¢ is the phase between polar-
ization and field. The phase is given by the relation

tang = x2/x1. 9.22)

We now describe the linear response of a conductive gain medium. A high fre-
quency field

E(@) =Ae” (9.23)
gives rise to a high frequency current of current density
j=6E, (9.24)

where ¢ is the complex high frequency conductivity,

0 =0 —103. (9.25)
The current density,
j=ji—ij»=01Acoswt —io,Asinwt, (9.26)
has a real part
Jj1 =01 A coswt 9.27)

that has the same phase as the field. We will see that gain occurs if 0} (w) is negative.
The (negative) imaginary part

Jj» =02 A sinwt (9.28)
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has a phase of 90° relative to the field and corresponds to a lossless current. The
current is phase shifted relative to the field,

j= o A coslwt + ¢(w)], (9.29)
where

o =,/o} + 0} (9.30)

is the absolute value of the conductivity and where ¢ is the phase between current
density and field. The phase is given by the relation

tangp = 0, /07. (9.31)

We can introduce a generalized dielectric constant €., and a generalized con-
ductivity Ggen. We write the first Maxwell equation in different ways:

. JdD _. . 0E - .. - -
VxH=j+ = =0E + &) o = (6 +iwege) E = Ggen E = iwepEgen E.
(9.32)
We obtain the relation
&gen = Ogen,1 — iagen,Z = iwg()g‘gen (933)
or, alternatively,
~ . 6gen
Egen = Egen,1 — 1€gen,2 = ia)80. (9.34)
It follows that
02
Egen,1 = €1 — —, (935)
we(
2]
Egen2 = &2+ —. (9.36)
wE(

This formulation is useful for determination of optical constants and other optical
properties of a medium in thermal equilibrium or of an active medium too. The
complex refractive index n; — in; follows from the relation

(nl - il’l2)2 = Egen,1 — iggen,Z- (937)
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We obtain

1 2 2
ma=y/3 (egen,l + . Je2 el ) (9.38)

9.2 Possibilities of Driving a Laser Oscillation

It follows from Maxwell’s equations, with

Vx(VxE)=V.V.E—-V’E, (9.39)
that
92E 1, 192P 14j
- VE=—"— 1 (9.40)
ot? Ho€o &0 ot gy Ot

On the right side, we have two terms, the second derivative of the polarization and
the derivative of the electric current density with respect to time. There are two
possibilities to obtain gain:

e A high frequency polarization can be the origin of gain or
e A high frequency electric current can be the origin of gain.

In the following sections (Sects.9.3-9.6), we will present a model of a dielectric
medium. The model is suited to study basic properties of lasers (Sects.9.7-9.10).
The model describes a dielectric medium that shows a homogeneously broadened
narrow line.

We will begin with a derivation of the classical susceptibility and the classical
absorption coefficient ) of an ensemble of classical oscillators. A comparison of
the classical absorption coefficient with the quantum mechanical expression of the
absorption coefficient a,ps (Sect. 7.2) will lead to a procedure that allows us to change
from classical expressions of the susceptibility to quantum mechanical expressions.
The model yields the complex susceptibility of a dielectric medium consisting of an
ensemble of two-level atomic systems.

We will show later (in Chaps. 19 and 32) how a high frequency electric current
carried by free-electrons can give rise to gain.

9.3 Polarization of an Atomic Medium

We make use of the classical oscillator model to describe the interaction of an atom
with an electromagnetic field. An electric field
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r 1 iwt
E =Re[E] = 2 (Ae'” + c.c.) = A coswt, 9.41)

excites an oscillator to a forced oscillation described by the equation of motion

d’x dx » q
= =~ E, 9.42
a2 TP e =0 042)
where ¢ = —e is the electron charge (e = elementary charge), m the electron mass,

and B the damping constant with respect to the energy; the decay constant with
respect to the amplitude is 8/2. We write the displacement as a complex quantity

1 .
x =Relf] = - (T +c.c). (9.43)

where x(w) is a frequency-dependent complex amplitude of the oscillation. We
assume that the amplitude (envelope) is slowly varying, |dx/df| < w|x| (slowly
varying envelope approximation, SVEA) and find, with 8 = Aw, the solution

1
Fomm— (9.44)
my wj — o= +iwAwg
(We can write
- e =~
X=——GL(w) A, (9.45)
mo
where
- 1
GL(w) = — (9.46)

wj — w? + iwAwg

is the complex Lorentz response function in general form; see Sect.9.11.

In the following, we assume that 8 < wy, i.e., that Awy < w( and we restrict the
frequency w to a range around wy so that |w — wy| < wy. We obtain from (9.44),
with a)(z) — w? = 2wy (wy — w), the solution

e 1

X=-
2mowy wy — w +1Awy/2

(9.47)

An oscillating electron is connected with an oscillating electric dipole moment

P = —eF. (9.48)
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It follows that

d’p dp 5 e?
s = —E. 9.49
i +'Bdt +wyp o (9.49)

The ansatz
1 ~ _iwt
P=3 (pe™ +c.c), (9.50)

with the complex amplitude p of the dipole moment, leads to

&2 1
p = A. 9.51
p 2mowy wy — @ +1Awy/2 ( )

The dipole moment shows, as the displacement, a resonance at the frequency wy.
A medium consisting of an ensemble of two-level atomic systems of density N
experiences, under the action of an electric field, the electric polarization

N
P= z pi, (9.52)
i=1

where p; is the electric dipole moment of the ith two-level atomic system and N
the number of two-level systems per unit volume. Without a high frequency electric
field, the dipole moments are zero, p; = 0, and there is no polarization. Under the
action of a high frequency field, atomic dipole moments and polarization can oscillate
synchronously to the field.

The differential equation

— +B— +wyP = —E, (9.53)
m

that follows from the equation of motion of a single dipole relates a high frequency
polarization P and a high frequency electric field. The ansatz

~ 1 -~ .
P=Re[P]=(Pe” +cc), (9.54)

where P is the complex amplitude of the polarization, yields

. Neé? 1
p=_"° : A. (9.55)
2mowy wy — w +1Awy/2
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The polarization has the same frequency as the electric field. The amplitude is pro-
portional to the amplitude of the field that produces the polarization. The polarization
has a resonance at wy. We find the electric susceptibility

- Ne? 1
X = - . (9.56)
2e0mowy wo — w + 1Awy/2
The real part and the (negative) imaginary part of the susceptibility are
() = @ o D @, 05T
w) = = w), .
X 2egmowny (@ — 00) + (Awg)? /4 Awp/2
Neé? Awy/2 Nme?
x(w) =

= wes(w), (9.58
2e0mowy (@ — wo)? + (Awp)?/4  2egmowo SLres(@), (9.8)

where g s (@) is the Lorentz resonance function. To obtain the susceptibility on the
frequency scale, we replace gp res(w) by (1/2m) gL res (V) and wg by 2w vy. We find

Vo —V

x1(v) = Avo/2 x2(v), (9.59)
62
x2(v) =N TP 8Lres(V). (9.60)
T EoMpVo

We assumed in our derivation of the susceptibility that all atomic dipoles have the
same resonance frequency and the same damping constant. This corresponds to
homogeneous line broadening. The damping can be due to emission of radiation
(resulting in natural line broadening) or due to other energy relaxation processes that
lead to a Lorentzian line.

9.4 Quantum Mechanical Expression of the Susceptibility
of an Atomic Medium

We characterize a dielectric medium, which we assume to be optically isotropic, by
the complex displacement field

D =¢yE+ P =¢)E + o E = ¢E, 9.61)
where ¢ = & — ig; is the complex dielectric constant. The real partis ¢y = 1 + x;
and the imaginary part &, = x,. We obtain the complex refractive index n; — in;

from the relation

(n) — inn)? = &1 — ies. (9.62)
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The wave vector of a plane wave travelling in z direction is
)
k= —iny) —, (9.63)
c
where n| = n is the refractive index. The complex field of the plane wave is
E —A ei(wl—kz) —A e—(nzw/c)z ei[wt—(n]w/c)z]' (964)
In the vicinity of the center of a Lorentzian line, the imaginary part of the refractive
index is np &~ % X2- At frequencies around the resonance frequency wy, the energy
density in the wave is
U = uge %, (9.65)

where ug = %80142 is the energy density at z = 0 and

we*N

280m()C

ag(w) = 8L res (@) (9.66)

is the classical absorption coefficient. The absorption coefficient on the frequency
scale is given by

2
Olcl(v) =N

4 gL,res(V)- (967)
EoMmopC

We now compare this formula with the quantum mechanical expression for the
absorption coefficient, which follows from (7.23),

1
Qlaps (V) = EhVBIZgL,res(V)(Nl - N). (9.68)

The two expressions of o (v) and o, (V) are in accord with each other if we replace

Ne?
480m0

— (N; — N2)hv By, or, respectively, (N} — No)hwB?, (9.69)

on the w scale. The replacement in the expressions of the susceptibility leads to

wy — w
AwO/Z

x1(@) = x2 (), (9.70)

2
x2(@) = (N1 — N2)— boy(w), 9.71)
wo
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where Awy is the halfwidth of the atomic transition and where
br1(w) = hwoB3) 8L res(@). 9.72)

The complex susceptibility ¥ = x; — ix» is equal to

1
X (w) =2hB5 (N; — N . 9.73
(@) BN = VD) (9.73)
The susceptibilities on the frequency scale are given by
Vo —V
x1(v) = Ave/2 x2(V) = hBy (N1 — N2) gL disp(V), (9.74)
1
x2(v) = (Ny — Nz)v— b1 (v) = hBy1 (N1 — N2) 8L res(V), (9.75)
0

where by (V) = hvBs 8L res (V).

The susceptibilities of an inactive medium (Fig. 9.1a) indicate that the interaction
of an electric field with a medium is strongest at resonance, where x, has a maximum
and x; is zero. Absorption of radiation is strongest at the transition frequency wy.
In comparison with a nonactive medium, the susceptibilities of an active medium
(Fig.9.1b) have opposite signs. The gain coefficient of an active medium will be
largest if the frequency of the radiation is equal to the transition frequency.

We have the important result: the imaginary part of the susceptibility of a medium
that shows a homogeneously broadened transition caused by energy relaxation has
the shape of a Lorentz resonance function while the real part has the shape of a
Lorentz dispersion function.

The replacement of the classical expressions of the susceptibilities by the quantum
mechanical expressions in (9.53) leads to the differential equation

(a) (b)

11 11 /\
\/

12 i : L2
(0] ;

[ON) My

v

w

Fig. 9.1 Dielectric susceptibilities a of an inactive medium and b of an active medium
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a2p ar 2 "
F + Awoa + a)OP = ;80%321(1\71 — Ny))E. (9.76)
P and E are real quantities.
At the center of a resonance line, at the frequency wy, the real part of the suscep-
tibility is zero. In the vicinity of wy, the real part of the susceptibility is proportional
to the frequency difference,

8

o AB (Ny — No)(wo — ). 9.77)

X1

It follows that the refractive index varies with frequency—i.e., the medium shows
dispersion—and that the refractive index is approximately given by

n(w) = n(wo) + (dn/dw),, (wo — w). (9.78)
Differentiation of n3 — n3 = 1 + x; leads to 2n;dn; /dw = eody; /dw and where we

wrote n instead of ;. Differentiation of n? = 1 + x1 leads to 2ndn/dw = dx/dw
and to

di) _ % Be N — Ny (9.79)
dw 0_ nAa)g 2t 0 ’

where Awy is the atomic linewidth.
On the frequency scale, the change of the refractive index is

(d”) = T2 BN — Ny (9.80)
dv O_nnAvé A i )

Example Dispersion of an active medium. We estimate the dispersion of optically
pumped titanium-sapphire (N, — Ny = 10* m®; By, =27 x 1.7 x 10'®* m® J~!
s72). In comparison with a Lorentzian line caused by natural broadening, dn/dw
is reduced by a factor Awy/(1.48Awpna) = 4 X 10" Awpye = 2.6 x 10°s~! and
Awy = 21 x 100 THz. It follows that dn/dw = 4 x 107 !1's.

We summarize here the results with respect to the complex susceptibility that
characterizes a resonance line whose shape is determined by energy relaxation. The
complex susceptibility is given by

7 = awGr, (9.81)

where a = 4(N| — N;)hB); is a measure of the strength of the transition and where

1
2

9.82
wj — 0> + iwAwg ©82)

GL = GL,disp - iGL,res =
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is the (general) complex Lorentz function. At frequencies around a narrow Lorentzian
resonance, the susceptibility is Y = a’g,, where @’ = a/2 and

1

- . (9.83)
wy—w+1Awy/2

gL = &8L.disp — igL,res =

Many textbooks treat the theory of classical dispersion (see preceding section) or
present quantum mechanical derivations of the susceptibility; see, for instance,
[5, 6].

9.5 Polarization of an Active Medium

A field E = A coswt in a medium produces a polarization. In the special case that
the frequency of the field is equal to the resonance frequency of the atomic transition
(w = wy), we obtain

2

w;‘) (N} — Ny) by (wo) sin(wot) A. (9.84)

P = ggxz sin(wpt)A =

The polarization of an inactive medium (Fig.9.2a) is delayed (by 7 /2 for o = wy)
with respect to the field that creates the polarization while the polarization of an
active medium (Fig.9.2b) is advanced (by 7r/2) with respect to the field.

An external electric field in a nonactive medium delivers energy to an ensemble
of two-level atomic systems. The power transferred to a single two-level system is
equal to

f ti th
foree MMeS P _ 4Ex = Ep. (9.85)
time

The power, averaged over time, a field (frequency w = wy) delivers to a medium of
polarization P = (N; — N;) p is equal to

dp 1 2 T &y 2
W=<FE — >r= —8())(2((00)14 = (N] - Nz)—b21(a)())A . (986)
dt 2 [O})

(@) (b)

Fig. 9.2 Polarization and electric field at resonance a of an inactive medium and b of an active
medium
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The power is negative, W < 0, if a medium is active: then the polarization delivers
energy to the field. The polarization is maintained by pumping of the active medium.
Thus, the polarization mediates gain of the field. Pump power is converted—via the
polarization—to power of the high frequency field.

If an active medium interacts with radiation at a frequency that is not the resonance
frequency (w # wyp), the phase shift between field and polarization is

tan p(w) = x2(w)/ x1(®) (9.87)
and the power is
W(w) = Wy sin g, (9.88)
where
Wo = (Ny = N2) 7 b (o) A° (9.89)

is the power delivered by the field for @ = wy. Accordingly, the power transfer is
smaller at frequencies outside the resonance frequency, that is, the gain in a laser
medium is largest for radiation at the resonance frequency.

In an active medium of a laser, after a sudden turning on of the population differ-
ence (at ¢t = 0), the atomic dipole moments oscillate with arbitrary phases relative
to each other and therefore the polarization is zero (Fig.9.3, left). An electric field
of small amplitude A(r = 0) produces a weak polarization and this enhances the
field. The amplitude of the field and the amplitude of the polarization grow together
by the mutual interaction of field and polarization until a steady state oscillation is
established (right).

The interplay of the radiation and the atomic dipoles results in the growth of both
the field and the polarization. With increasing field, the atomic dipole oscillations
become more and more synchronized to the field. Accordingly, the polarization
becomes more and more able to deliver energy to the field. The energy necessary
for the buildup of the field originates from the excitation energy of the ensemble
of two-level atomic systems. The initial field that starts oscillation can be due to
spontaneous emission of radiation by the ensemble of two-level atomic systems (in
the visible, UV, and X-ray range) or due to thermal radiation (in the far infrared
spectral region).

AL T B A THELLL T BLL T 44
PASATE i L
t=01 v d -\HJJ‘& V7 U Yon (101 100 111 100 111 404
ISt v N A Tt 100ttt LUt 100

P=0 P=+0

Fig. 9.3 Polarization of an active medium in a laser immediately after generation of population
inversion and at steady state oscillation of the laser



9.5 Polarization of an Active Medium 151

At steady state oscillation, synchronization of the field and the polarization is
maintained. Loss of polarization is compensated by pumping. The field synchronizes
the atomic dipole oscillations that are produced by the pumping.

A high frequency polarization is characteristic of a large variety of excitations
used in lasers:

e Electronic excitations of atoms, molecules, or ions.

e Electronic excitations by interband transitions in bipolar semiconductor lasers.
e Electronic excitations by intersubband transitions in quantum cascade lasers.
e Vibrational excitations of molecules.

e Rotational excitations of molecules.

The origin of electric dipole moments are oscillating charges in electronic and vibra-
tional excitations and rotating charges in rotational excitations.

Before we treat the question how the amplitudes of the field and of the polarization
build up during the onset of laser oscillation, we introduce the polarization current.

9.6 Polarization Current

If transverse relaxation is absent, we can introduce the polarization current charac-
terized by the polarization current density

Jpoi = Nqx = dP/dt. (9.90)
The polarization current density is equal to the rate of change of the polarization. By

differentiation of (9.53) with respect to time and multiplication of the equation by
Ngq, we obtain (with g = —e)

dszol d'jpol 2. . Ne? iw
i + 8 a + @ jpol = Re |:1a)m—0Ae ’} . (9.91)
With jo = Re[fpol] and the ansatz
Jpol = 6™'E, (9.92)

we find the complex polarization conductivity

Neé? 1

e = :
2my wo — o +1Awy/2

(9.93)

We write

~ 1 . 1
" = o —iod”. (9.94)
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Making use of (9.69), we obtain quantum mechanical expressions of the real and
imaginary parts of the polarization conductivity,

() = ggwxa(@) = (N; — Na) x 2eohay (@), (9.95)
o () = sowy1 (@) = Aw; /‘;’ o1 (). (9.96)

The polarization conductivities on the frequency scale are

o) = <N1 - Nz) x goba1 (v), (9.97)
o) = e = o1 (v). (9.98)
We can also write
o (w) = 27780(1)0321(1\’1 N2) 8L res (@), (9.99)
p01( ) = /2 o1(w) = 2wegw By (N1 — N2) gL gisp(@),  (9.100)
(O]
or
o) = 2neovoBZI<N1 N2) 8Lres(V), (9.101)
—V
PO]( ) = 01(v) = 2meguoBa1 (N1 — N2) gLoaisp(v).  (9.102)

0/2

The real part of the polarization conductivity of a nonactive medium (Fig.9.4a)
is positive and has a Lorentzian shape. The (negative) imaginary part is positive
for w < wy and negative for @ > wy. The polarization conductivities are dynamical
conductivities (=high frequency conductivities). The real part of the polarization
conductivity shows a resonance curve with the maximum at wy. The signs of the
polarization conductivities are reversed in case of an active medium (Fig. 9.4b).

(a) (b)

Oy g

Fig. 9.4 Polarization conductivities a of an inactive medium and b of an active medium
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ipol

(a

E)

Fig. 9.5 Polarization current and field at resonance a of an inactive medium and b of an active
medium

Thus, we found that the real part of the polarization conductivity of a medium with
a homogeneously damped resonance transition has the shape of a Lorentz resonance
function and the imaginary part has the shape of a Lorentz dispersion function.

We consider the special case that w = w( and that therefore o, = 0. With £ =
A cos wot, we obtain

jp01 = O'IPOI(CL)())E = (N] — Nz) X 27T80b2|(a)()) COS(COQI) A. (9103)

The polarization current of a nonactive medium has the same phase as the field

(Fig.9.5a) and ji,o1 E is positive at any moment. The field experiences damping. Power

of the field is converted to heat due to relaxation of the polarization. The polarization

current of an active medium has a phase of & relative to the field (Fig.9.5b). The

product j,o £ is negative at any moment. The field is amplified. Pump power is

converted to power of the field. Amplification is mediated by the polarization current.
An electric field delivers to an oscillating charge g the

k
power = Wi =qgEx (9.104)
time

and to an ensemble of electrons the power jpo E. The time average of the power
transferred from the field to the polarization current is given by

(N1 — Ny)oy(wo)A < cos® wot >,= (N} — Na) x weobai (wp) A (9.105)

To describe the resonance interaction of a medium with radiation, we will make
use of both the polarization and the polarization current. The polarization is the
fundamental quantity. The use of the polarization current density—in the case that
transverse relaxation can be neglected—has the advantage that we can write some
expressions in a simpler form, particularly in the special case that w = wy; then the
phase between current and field is either zero or 7.
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9.7 Laser Oscillation Driven by a Polarization

We now treat the case that the polarization is the origin of gain and that the active
medium is a purely dielectric medium (j = 0). The wave equation has the form

LV Gop_ 1OP (9.106)
2 912 T '

We assume, for simplicity, that the active medium is optically isotropic and fills a
Fabry—Perot resonator completely. We also assume that the field does not vary over
the cross-sectional area of the resonator. We can write

?E(z,t 3?E(z,t 1 3*P(z,t
@h _p¥E@H _197P@D (9.107)
ot? 072 g Ot?
The field in the resonator represents a standing wave
E(z,t) = E(t)sinkz. (9.108)

This leads, with k2 = wrzes / 2, where wye is the resonance frequency of the resonator,

to the differential equation

d’E . 1 d*P(z,1)
(F — wrzesE) sinkz = —gT (9109)

The polarization has the same z dependence as the field. Therefore, we can divide
by sin kz, except at the positions where E(z) = 0. Thus, we obtain, with P(z,t) =
P(t)sinkz and P = P(t), the differential equation:

d’E 1 d*P
@—wfes = an (9.110)

In our derivation of the wave equation, we did not include damping of the field
that is, for instance, due to output coupling of radiation. We now introduce damping
by use of the differential equation of the empty resonator:

_+K—t+a)3'esE=0’ (9.111)

where « is the damping coefficient of the resonator. We assume that ¥ < s, i.€.,
that the field in the empty resonator is given by

E = Aoe_%“ COS Wres? . (9.112)
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Ay is the amplitude at ¢+ = 0. Now, the differential equation describing a field in a
Fabry—Perot resonator containing an active medium is given by

d2E+ 9 RE L&p (9.113)
— trk—+o =———. .
dr? dr res go dr?

We now assume that transverse relaxation of the polarization is absent and treat
the particular case that all three frequencies—Ilaser frequency, transition frequency
and resonance frequency of the resonator—coincide with each other,

W = Wres = . 9.114)

We therefore can replace the second derivative of the polarization by the first deriv-
ative of the polarization current,

d*P  djpol
- = , 9.115
dr? dr ( )
and obtain the differential equation
dzE dE 2 1 djpol
— — EFE=————. 9.116
dr? +Kdt+w go dt ( )

At a sudden turning on of an initial population difference, the amplitude of the
field is time dependent,

E(t) = A(t) cos wt. 9.117)
Immediately after starting the pumping, the polarization current density is
Jool = 0THE, (9.118)
where
ol = —eob3 (N2 = Ni)o (9.119)

is the small-signal polarization conductivity, (N, — Ni)¢ is the initial population
difference, and

b(Z)l = by (wy) = thBg)lgL,res(wO) (9.120)

is the growth rate constant at the transition frequency wy. It follows that

2

dE+( +)dE+ 2E=0 (9.121)
— — K) — +wgE = .
dr? s a0 ’



156 9 Driving a Laser Oscillation

where
1 pol 0
Yo = y(wo) = 00 = by (N2 — Ni)o (9.122)
0

is the growth coefficient of the active medium at wy and

Y0 n n
@ = a(wy) = —— = ———0aP) = = b3, (N, — Ni)o (9.123)
c/n cegy c

is the gain coefficient at wy. If ) < w, the solution of (9.121) is given by
E = Ay e cos . (9.124)

Ay is the amplitude of the starting field. A very small field e.g., a field corresponding
to one photon in the resonator mode, can initiate the oscillation. The amplitude of
the field increases exponentially.

We now investigate the large-signal behavior. We assume that the amplitude A(z)
is a slowly varying function, i.e., that the envelope of the function E(¢) varies slowly
(slowly varying envelope approximation). This means: the temporal change of the
amplitude during one period of the oscillation period is negligibly small,

|dA/dt| < w|A(1)], (9.125)
|d?A/d?| <« w|dA/dt| < @?|A(1)]. (9.126)
Thus, we obtain

dE dA .

— = — coswt — wA sinwt, (9.127)

dr dr
d’E dA
—— = 2w— sinwt — w*Acos wt. (9.128)
dr? dr

In the last equation, we omitted the term (d>A/d¢?) cos wt. Making use of the last
two equations, we find from (9.116) the differential equation

i djpol

. 9.129
g dt ( )

—ZwE sinwt — kwA sin wt = —

We neglected the term « (d A /dt) cos wt in accordance with the condition |dA /d¢f| <
w|A(D)].
We write the polarization current density in the form

Jpol = —J (¢) cos wt. (9.130)
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J (1) is the time-dependent amplitude of the polarization current density. This leads
to the differential equation

e,y (9.131)
dt 2 _280 ’ '

This differential equation relates the amplitude of the field and the amplitude of
the polarization current density. From jpo = alp °'E , we find immediately a relation
between the amplitude of the current density and the population difference,

J = gob3, (N2 — N A. (9.132)

Another relation follows from the energy conservation law: the change of the pop-
ulation difference by stimulated emission and by relaxation from level 2 to level
1 compensates the power, which the polarization current transfers to the field. We
assume that the population of the lower level is negligibly small compared with the
population of the upper level. Then we can write

d Ny—N) (N,—N
[E(Nz—l\h)-l-( . ) _ (B _ 1)"]hv=jpo115. (9.133)

rel Trel

Neglecting the rapidly varying term in jyo £ and averaging over the temporal and
spatial variation,

1
< JpolE >, = JA < cos> wt >, < sin’kz >, = ZJA, (9.134)

we obtain three laser equations

dA « 1

iy 9.135
dt + 2 2¢gg ( )
J = eob), (N2 — N A, (9.136)

d (N2 —Ni)  (N2—Ni)o 1
—(N>—N — =——JA. 9.137
dt( 2 D+ T* T* 4hv ( )

rel rel

These relate the amplitude of the field, the amplitude of the current density and the
population difference.

By eliminating J and N, — N from the two first equations and from the first and
the third equation, respectively, we obtain

dA « »9

— +-A=-2L(N,— N)DA, 9.138

" + 3 > (N2 1) ( )
No—N;y (N2—Ni)og & ,dA &k

_ _ =——A— — A% (9.139)
T, T 2hv  dt 4hv

rel

d
— (N, — N
dt( 2 )+



158 9 Driving a Laser Oscillation

From the first of these equations, we obtain

N N_ZldA+K (9.140)
PUUNTR Adr B, ‘
and, by differentiation,
d(N N)—2d Lda (9.141)
de 2T Y TR ar \Ade ) '

By elimination of d(N, — N;)/dt and of N, — N from (9.138), (9.139), and (9.141),
we find

d4 +[E_M}A+%b31—%"p=o, (9.142)

a —
dr 2 2 8hv

The abbreviation

SObgl Trel 42 . 1dA
=14 —= 14 _, 9.143
=1t Tl A 4 ©-143)
contains two terms that are small compared to 1, so that we obtain
dA 1 Eobgll’*lk 3
— + = (= A+ —= A’ =0. 9.144
i +2( Yo+ KA+ S ( )

The amplitude A increases at small times exponentially and approaches at large times

the steady state value
—K)h
A =2 M (9.145)
£0by Tre K

The differential (9.144) has the solution

Ao
VI (A/Ag)Pe=tn=01"

A(t) = (9.146)

Ap = A(t = 0) is the initial amplitude of the field. According to (9.131), the ampli-
tude of the polarization current density is

dA
J = g9k A+ 2805. (9.147)

It follows from (9.138) that the population difference is equal to
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1 J
Ny— Ny = —5—. (9.148)
80b21 A
Multiplication of the differential (9.144) by 2A leads to
d bO *
(A + (—yo 410 A? 4 D2 s g, (9.149)
dr 4hv

Taking into account that the energy density of the fieldis Zhv = %soAz, we obtain

dZ 0 _x* 2
5 = =0z =BTz’ (9.150)

The equation describes the initial exponential increase of Z as well as transition to
the steady state. The photon density at the steady state is

Y —K
30 %
by Tk

Z = (r —ra)T), (9.151)

where 7, = x ! is the lifetime of a photon in the resonator, rg = (N2 — Ni)wm/Tsp
is the threshold pump rate and r = (N2 — N{)o/Tsp is the pump rate. The expression
of (9.151) is the same as (8.16), derived earlier.

The differential equation (9.150) has, with Z(t = 0) = Zy < Z, the solution

Zoo

Z(t) = 5§ Z/Zo ot (9.152)
We define the oscillation onset time as the time where
Z(ton) = Zo/2 (9.153)
and find a value,
fon = M (9.154)
Yo — Kk

which we derived in Sects. 2.9 and 8.4 by simple arguments; see (2.85) and (8.29).

Figure 9.6 shows the buildup of laser oscillation at a sudden turning on of the
population difference; the numbers concern a helium—neon laser (see next example).
The curves of the figure indicate the following:

e The initial population difference (produced at # = 0) remains almost constant and
decreases near ¢,, smoothly to the steady state value.

e The amplitude of the polarization current increases exponentially, shows a maxi-
mum at the time ¢ = #,, and then decreases to the steady state value.


http://dx.doi.org/10.1007/978-3-319-50651-7_8
http://dx.doi.org/10.1007/978-3-319-50651-7_2
http://dx.doi.org/10.1007/978-3-319-50651-7_8
http://dx.doi.org/10.1007/978-3-319-50651-7_2
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Fig. 9.6 Onset of laser 4
oscillation: population Nz —N, \
difference; amplitude of the (Nz=Ni). 2 \
polarization current density;
amplitude of the electric 0
field; and photon density ™
'1 -
JId,
0
i
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0
1.0
ZiZi,
(10'%) 0.5
0
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e The amplitude of the field increases exponentially att < t,, and reaches, att > fop,
the steady state value.
e The photon density reaches half the steady state value at t = f,.

It follows from the preceding equations that the steady state amplitude of the polar-
ization current density is equal to

Joo = €0Ax/T) (9.155)

and that the energy density of the polarization is
1 €0 o
Upol = ZjovooTp = ZAOO =u. (9.156)

At steady state oscillation, the polarization energy density is equal to the energy
density of the electric field. During the buildup of laser oscillation, the polarization
energy exceeds the electric field energy; the polarization energy is largest at the onset
time f,,.

The ratio of the initial population difference and the steady state population dif-
ference is given by

(N2 — N1)o

= =1+t 7. 9.157
N N e G157

During the buildup of laser oscillation, the polarization conductivity changes from
the small-signal value
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ol = —(N2 — Ni)ogob?, (9.158)

to the large-signal value
ol% = —(Na — N)oogohY). (9.159)

The ratio of the small-signal and the large-signal polarization conductivities is equal
to the corresponding ratios of the susceptibilities and gain coefficients,
pol
%0 _ X0 _ % _ (N2—=Ni)o
O’po1 X1,00 Uoo (N2 — ND o

1,00

=1+5975 Zoo (9.160)

Example Helium—neon laser: output power 3mW; m(d/2)>L = 10™°m’; L =
0.5m; gain cross section oy; = 1.4 x 107'°m?; ¢, = 100ns; 7, = 1.8 x 1077 s.
We find the following values:

o Pou = Zoomt(d/2)> Lhv/T); Zoo = 1.6 x 101 m3.

o 7o = aoAgo/4hv; Ao = 1.5 x 10*VmL.

® (N2 = Ni)o/(N2 — N1)oo =1 + 1021 Z0c = 4.1.

(N — N\ = (‘L’Pbgl)_l =12x 1014111_3; b(2)1 = cOo?7].

P /0% = %10/ X1.00 = @0/@oc = (Go — 1)/ (Goo — 1) = 4.1
Go = 1.02: Go = 1.08.

Joo = €0Aco/T, = 0.68 Am~2.

Zo = 10°m~3; Zs/Zy = 1.6 x 10°.

ton = TIn(Zoo/Z0)/In(GoV) = 22 T = 720ns.

A current density-field curve (Fig.9.7a) is a straight line with a negative slope
described by the relation

Jool () = o E(1). (9.161)

It follows from the negative slope that jp (f) and E(f) have opposite phases. During
the onset of laser oscillation, the negative polarization conductivity varies with time
(Fig.9.7b). The variation is very slow, i.e., o] °l s nearly constant during a cycle of
the field. The absolute value of the polarization conductivity is large at r = 0 and
decreases with increasing amplitude of the field until it reaches the steady state value
P | = eok.

That the magnitude of the polarization conductivity alp ol changes with time is the
consequence of the quantum mechanical origin of gain: during the buildup of the
laser field, the population difference decreases and therefore the magnitude of o] ol
decreases.
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(@) oo jpor(t)

(b)

Fig. 9.7 Interplay of polarization current and field. a A current density-field curve and time-
dependent current and field. b Current density-field curves during buildup of laser oscillation

9.8 Relaxation of the Polarization

Relaxation of the polarization occurs in ensembles of excited two-level systems. We
consider the case that all atomic oscillators in a medium oscillate, under the action of
a laser field, at the same frequency and with the same phase. We suppose that energy
relaxation is absent. Then, the dipole moment of each of the oscillators is

pi = pocos (ot + o), (9.162)

where
Po = q Xo (9.163)

is the amplitude of the dipole moment, +¢ and —¢q the oscillating charges, and x
the amplitude of the oscillation. The polarization is defined as the dipole moment
density,

N
P =" p= Pycos(at +p). (9.164)

i=1
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Ny is the number of atomic oscillators per unit volume and
Py = No po = No qoxo (9.165)

is the amplitude of the polarization.

We now assume that we suddenly turn off the laser field. Then, dephasing
processes can destroy the polarization. We assume that dephasing processes occur
randomly in time. The number of oscillators that undergo dephasing in a small time
interval df is

N
AN = = ar. (9.166)
1

N is the number of coherently oscillating dipoles per unit volume and 7, is the
dephasing time. It follows that

N(@t) = Noe "™, (9.167)
Accordingly, the polarization decreases exponentially,
P(t) = Pye /T2, (9.168)

The polarization decays with the dephasing time 75, which is called, in connection
with the decay of the polarization, transverse relaxation time or phase relaxation
time.

We assumed that the population of excited two-level systems remained constant,
i.e., that 7, was much smaller than the energy relaxation time 7; of the upper energy
level, T, <« T).Inthe case that 7, > T, the change of coherently oscillating dipoles
is

N
dN = —dr. 9.169
o7, ( )

Now, the polarization is related to the amplitude of the oscillation that decays with
the time constant 27 (while the energy content in the oscillator decays with 77).
In the intermediate case, T, ~ T}, the polarization decays according to

P(t) = Pyexp [(_QLYH + Tiz) t:| . (9.170)

In connection with the polarization, the time 77 is called longitudinal relaxation time
(of the polarization).
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9.9 Laser Equations

We study the laser oscillation of a more general case (assuming again that the pop-
ulation difference is suddenly turned on):

o W # ws # wyo; 1.€., laser frequency, resonance frequency of the resonator and
transition frequency have different values.
e The polarization undergoes both longitudinal and transverse relaxation.

Our goal is to find differential equations that relate the field, the polarization and the
population difference. We make use of the quantities:

o = laser frequency.
wres = resonance frequency of the laser resonator.
wp = transition frequency; wy = (E; — Ey)/h.

A = amplitude of the field.

B = amplitude of the polarization.

AN = N, — N; = population difference.

ANy = (N, — Ny)o = initial population difference.

k/2 =1/(21p); 2/k = lifetime of the field in the laser resonator.

T\ = spontaneous lifetime of the population difference = longitudinal relaxation
time.

T> = transverse relaxation time.

e Awy/2=1/Q2T)) + 1/T»;2/Awy = relaxation time of the polarization.

o 1), = hwoBS) g(wy) = growth rate constant at wy.

The energy conservation law requires: the change of the population difference
times the quantum energy of a photon is equal to the change of the average density
of the energy contained in the field and the polarization,

(dAN AN — AN,

+ ho = E d
= — < -
dt T, @

7 9.171
dr >4, ( )

the average is taken over a temporal and a spatial period of the field. Atomic excitation
energy is converted to field and polarization energy.

We have seen (in Sect.9.7) that a polarization can drive a laser oscillation. We
now assume that we inject into the laser resonator of an oscillating laser an external
high frequency electric field E;. The external field acts as an additional source term
k1dE;/dt, where k is a coupling constant.

We make use of laser equations of second order, namely of (9.113) with the
additional source term and of (9.76). We then have, together with (9.171), the laser
equations:
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&?E  dE 1 d*p dE,
F+K$+me=—gm +r (9.172)
d’p dp 2
o Awod— +wiP =— —gothzl(A@ N)E, (9.173)
(dAN + AN_ANO) __ L g (9.174)
dt T hw dt ’

The equations are the semiclassical laser equations (also called neoclassical laser
equations): the atomic states are quantized while the field is treated classically. The
equations are suited to describe the dynamics of a laser oscillator.

We make use of the ansatz:

| 1 - . 1 . .
E = z[A e +c.cl], E = z[F e 4+ cc], P= E[B e“" +c.c.l.

(9.175)
The slowly varying envelope approximation
da| A) P i d4 (9.176)
— 1) an —_— — .
dr dr? dt
B ’é‘ a |€B dB (9.177)
— < w an — — .
dr dr? de
and the restriction to frequencies around w so that
w? — a)O (w + wp)(w — wp) ~ 2w (w — wy), (9.178)
leads to the laser equations:
aa [5 +ic )] 4 el LY (9.179)
w — W, = —— - Lo .
dr L2 res 20 2
dB A -
=+ [% Fiw— wo)] — eob, ANA, (9.180)
dAN AN = AN _ L g _ j (9.181)
dt T ~ 4h ' '

The laser equations are coupled differential equations relating: amplitude of the field,
phase of the field; amplitude of the polarization, phase of the polarization; population
difference. The equations take into account the dephasing of the polarization by
transverse relaxation.
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We introduce amplitudes and phases,
A@) = AD)e??, F@) = F()e®, P@) =[C@t) —iS®))e??. (9.182)

and obtain five laser equations (in slowly varying envelope approximation):

dA « w K1
— +—-A=—3S+—F — , 9.183
” + > 2o + > cos(p — ¢1) ( )
do o C K F .
L tw—wp=——— — L — 1), 9.184
” + o — g deeA 2 A sin(p — ¢1) ( )
d  A2) oy (2, S=0 (9.185)
a2 a TeTe)e =R '
d Awy d(p 0
el —0 _ = _ = _ ANA .1
(dl + > ) S (dl + w 0)0) C 80[921 NA, (9.186)
dAN N AN — ANy 1 AS ©.187)
dr Ty T 4nTT '

These five equations describe dynamical processes in laser oscillators.

Example Injection locking of a laser. Injection locking (=frequency locking = phase
locking) of a self-excited oscillator means that an external high frequency field,
injected into the resonator of the oscillator, forces the oscillator to assume the fre-
quency of the external field rather than to execute an oscillation at its “natural”
frequency of the free running laser. At the same time, the field in the resonator has
a fixed phase relative to the external field. Injection of an external field (frequency
wy) of a small amplitude can force a laser (natural frequency wy) to oscillate at ;.
The natural frequency is not necessarily the frequency of maximum gain but is the
frequency that is determined by the corresponding condition (2.80). The small-power
laser acts as “seed” laser (=master oscillator) of the large-power laser (=slave laser)
as shown in Fig. 9.8a. The frequency of the seed laser can be chosen in a range around
the frequency of maximum gain (Fig. 9.8b). The power of the frequency-locked laser
is the same as that of the free running laser. Injection of a monochromatic field results
in a large occupation number of photons of frequency w;. Thus, the laser starts oscil-
lation at w; rather than at wy. If a laser is already oscillating at wp, and the seed laser
starts, the laser frequency “jumps” to w;. Injection locking by use of a frequency
stabilized small-power laser can result in a stabilization of the large-power laser with
respect to frequency and output power. The minimum power necessary for phase
locking and the locking range can be derived by use of the five laser equations; a
detailed treatment of injection locking can be found in [1].

Frequency locking of an oscillator is a general phenomenon. Two mechanical
oscillators that are weakly coupled can force themselves to oscillate at a fixed phase.
In 1865, Huygens observed phase locking of two pendulum clocks fixed at a wall
and mechanically coupled via the wall. Injection locking of an electrical classical
self-excited oscillator (Sect.31.8) is well-known: a high frequency current flowing
through the active element of a self-excited classical oscillator is superimposed with


http://dx.doi.org/10.1007/978-3-319-50651-7_2
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>
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Fig. 9.8 Injection locking. a Seed laser (master oscillator) and laser. b Gain curve, free-running
laser, external source, and frequency-locked laser

an external high frequency current. Frequency locking of a laser oscillator occurs via
the influence of the electric field on the polarization of the active medium according
to (9.172).

In the following, we consider the case that an external field is absent and that
the laser frequency is equal to the resonance frequency of the resonator (®w = wyes)
and, furthermore, that the phase relaxation time is much smaller than the energy
relaxation time. We obtain the equations

dA A i -
Lo Y5 (9.188)
dr 27, 2eg
dB B . 0
— = —= +i(w—wo)B + gob; ANA, (9.189)
dt T,
d AN = ! (AN — ANy) i (AB* — A*B) (9.190)
" T T O 4n ' :

We introduce dimensionless variables.

t =t/ T, = dimensionless time.

% = A/Kg = dimensionless amplitude of the field.

7 = B/Kp = dimensionless amplitude of the polarization.

7= (ANy — AN)/Kn; ANy/Kn = dimensionless initial population inversion;
AN /K3 = dimensionless population inversion.
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With

1 1 %0 1
Kg= ——=, Kp=—F7 |—, Kn=——, 9.191)
sz/ 80321 Cl)‘L'pT2 le ha)Tz‘Kszl

b="1/T, c =T,/27,, § =i(w — wy)T>, and r = a)TzrpbglANo, we find the
Lorenz-Haken equations

di
& _sitod, (9.192)
dr

dy U

— =—(1—-1i8)y +rx — xz, (9.193)
dt

dz o

— = —bz + Re[x*Y]. (9.194)
dt

Edward Lorenz derived the equations to describe the dynamics of a convective fluid of
the atmosphere and Hermann Haken derived the equations to describe laser dynamics.
The equations are the basis of studies of laser dynamics, including chaotic behavior
[41-45].

9.10 Laser-van der Pol Equation

According to the last section, we can characterize laser oscillation (if transverse
relaxation is absent) in slowly varying envelope approximation by the equations:

E(t) = A(t)cos wt, (9.195)
dA 1 eob3, T K
—_ = = —K)A — - el A3=0. 9.196
i~ T AT g ©.196)

This is the laser-van der Pol equation. It is a nonlinear differential equation of first
order for the amplitude A.

We have found in Sect. 9.7 that the laser equations lead, in slowly varying envelope
approximation, to analytical expressions for the time dependences of the amplitude
of field, (9.161) and, furthermore of the amplitude of the polarization and of the
polarization-current density

jpol = —gok A(t) cos wt (9.197)



9.10 Laser-van der Pol Equation 169

and of the population difference and the population difference

K 1

NN = L (9.198)
2T AG)

Thus, the analytical solution of (9.169) for A(¢), equation (9.146), provides also
analytical expressions for the polarization current (and therefore of the polarization)
and of the population difference.

The laser-van der Pol equation is always applicable for description of a laser
oscillation (if transverse relaxation is absent). The reason is the following: for
all lasers, the gain per period T of the laser field is small compared with unity,
(yo — )T « 1. This is the condition for the applicability of the slowly varying
envelope approximation.

We have derived the laser-van der Pol equation by using the condition that laser
frequency, atomic transition frequency, and resonance frequency of the resonator
coincide with each other. The equation is, however, also applicable for a high fre-
quency field composed of fields of different frequencies if the frequencies have values
near the frequency of maximum gain and near the eigenfrequency of the laser res-
onator, i.e., if the gain curve is sufficiently broad and the Q value of the laser resonator
is sufficiently small. The van der Pol equation of the laser is suitable to describe, for
instance, mode beating in a laser that oscillates on two modes at the same time; see,
for instance, [5, 40—-42]. It can also be applied to treat frequency locking.

The van der Pol equation in slowly varying amplitude approximation,

dA 1( YA+ BA =0 (9.199)
oG g« =0, :

is a differential equation of first order. It describes an oscillation of the quantity
y = A(t)cos wt, where A(?) is a slowly varying amplitude, yy is a growth coefficient,
k is a damping term, and B is a term that follows from the mechanism responsible for
oscillation. The equation has two solutions. One of the solutions is A = 0. It follows
that the occurrence of oscillation supposes an initial amplitude that is nonzero. A
small initial amplitude causes exponential growth of the amplitude. The A3 term is
responsible for limitation of the amplitude. In a laser, the initial amplitude of the
laser field stems from spontaneous emission of radiation by the active medium. The
equation holds only if the net gain per oscillation period is small compared with 1,
that is, if (Yo — k)T < 1, as already mentioned.

The three equations (9.196) through (9.198) are the most simple laser equations
but represent a complete set of laser equations.

The differential equation (9.196) is also suitable, to analyze oscillation of a classi-
cal model oscillatorif (yy — k)T < 1.Inaclassical oscillator model, the parameters
Y0, k, and B represent quantities, which characterize mechanisms that differ com-
pletely from the mechanisms in a laser (see Chap.31). The equation (9.196) is the
slowly varying envelope approximation of the (general) van der Pol equation that
is a nonlinear differential equation of second order (see Sect.31.8 and Problems to
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this chapter). In contrast to laser oscillators, classical oscillators work in most cases
with a much larger gain per period. Thus, a laser oscillator is the application of the
classical van der Pol equation in slowly varying envelope approximation. (The van
der Pol oscillator has been reported by van der Pol [243] long before the invention
of the laser.)

9.11 Kramers—Kronig Relations

The Kramers—Kronig relations relate the real part of a linear response function and
the imaginary part. If the real part of a linear response function is known for all
frequencies, then the imaginary part can be calculated for all frequencies. And if
the imaginary part of a quantity is known for all frequencies, the real part can be
calculated for all frequencies. The Kramers—Kronig relations for the complex sus-
ceptibility are

20 [ o'
fa@) = —— / % do, (9.200)
A -
2 oo w/X (w/)
(@) == / ﬁ do'. (9.201)

Example If a susceptibility has the form of a complex (general) Lorentz function
X(@) =1 —ix2 = awGr(), (9.202)

where a is a measure of the strength of the corresponding transition and

~ 1
GrL(w) =
L(@) (Wf — @?) +iwAwy
w} — o? wAwy

(9.203)

= +i ,
(0§ — )+ (wAwp)? (W} — 0?)? + (wAwp)?

is the complex general Lorentz function. An electric field E = Ae' causes a polar-
ization P = o(x; — ix2) E. The susceptibilities x; and x, are related according to
(9.200) and (9.201).

The Kramers—Kronig relations are a consequence of causality. The Dutch physi-
cists Kramers [46] and Kronig [47] derived the relations independently from each
other. The relations are treated in many textbooks on Solid State Physics and Optics;
see, for instance, [59, 177, 179, 180, 184, 297, 302].
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9.12 Lorentz Functions: A Survey

As already mentioned, in mathematics, the Lorentzian function is defined as

()= L A%/ (9.204)
fulx _n(xo—x)2+Ax§/4’ '
/OO fiodx = 1. (9.205)

Besides the normalization condition, the values of xy and Axg are not restricted.

For a narrow resonance function, with Axg < x, the integral from zero to infinity
is approximately unity. We use this approximation of the Lorentzian function to
describe narrow resonances in physical systems and designate the function as Lorentz
resonance function, gy res(x).

In the case that a resonance is not narrow, we use the function that we call gen-
eral Lorentz resonance function. The Kramers—Kronig relations connect the general
Lorentz resonance function with the general Lorentz dispersion function.

In the book, we use the following functions.

° GL = GrLes — 1 GLdisp, general complex Lorentz function.

e G e, general Lorentz resonance function (=real part of the general Lorentz func-
tion).

o G disp, general Lorentz dispersion function (=imaginary part of the general
Lorentz function).

° (_;L,res, normalized general Lorentz resonance function.

GL,disp, “normalized” general Lorentz dispersion function; normalized is the cor-

responding real part.

8L = 8Lyres — 1 8L disp» complex Lorentz function.

8Lres, Lorentz resonance function.

8L.disp» Lorentz dispersion function.

8L res, Normalized Lorentz resonance function.

8L.disp» normalized” Lorentz dispersion function; normalized is the corresponding

Lorentz resonance function.

Table 9.1 gives the functions on the w scale.

The Lorentz resonance function describes the frequency dependence of the gain
coefficient of active media based on dipole oscillators (Table9.2), i.e., of conven-
tional lasers containing two-level atomic systems as the elementary systems. The
Lorentz dispersion function describes the gain coefficient of an active medium in
a free-electron laser containing monopole oscillators, or in a quantum mechanical
description, containing energy-ladder systems. The monopole oscillations in a free-
electron laser (Chap. 19) are narrow-band oscillations.

The elementary systems in a Bloch laser (Chap.32) are energy-ladder systems,
or, in a classical description, monopole oscillations of electrons. The gain function
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Resonance function Dispersion function
GL w Awg a)(z) — w?
(@3 — 0?)? + (0 Awp)? (@3 — 0?)? + (0 Awp)?
G szw(z) (w(z) — a)z) w Awy
(@§ — @) + (0 Awp)? (@§ — @) + (@ Awp)?
1 Awy/2 1 (wg — w)
8L ™ (wo — )2 + Aw£/4 T (wo — w)? + Aw(z)/4
2 Awl/4 (wo — w) Awp/2
(0 — )2 + Awl/4 (w0 — w)? + Aw}/4

Table 9.2 Shape of gain curves of different types of lasers

Type of laser Elementary system Classical model

8L.res Conventional lasers | Two-level systems Dipole oscillation

gL’disp free-electron laser Energy-ladder system | Monopole oscillations

of electrons

Bloch laser Energy-ladder system | Monopole oscillations

of electrons

8L, disp — K (@)

is a modified Lorentz dispersion function, gr, gisp — K (@). This function takes into
account that the response of an active medium of a Bloch laser is composed of a
dynamic part, described by g1, 4isp, and a term, K (w), which takes into account that
a direct current is always present in a Bloch laser.

9.13 A Third Remark About the History of the Laser

We come back to the question: why did it take—after the discovery of stimulated
emission by Einstein—40 years until the maser and the laser were invented? The
laser is an apparatus developed by experimentalists. We consider the development
of spectroscopy after stimulated emission became known. In the time from 1900
to 1930, Berlin was a center of spectroscopy, with two outstanding spectroscopists:
Heinrich Rubens (1865-1922) and Rudolf Ladenburg (1882—-1952). Rubens devel-
oped methods suited to study the far infrared spectral range. His result (1900) with
respect to the spectral distribution of radiation emitted by a thermal radiation source
was a basis of the derivation of Planck’s radiation law. One of Rubens’ Ph.D stu-
dents, Marianus Czerny (1896-1985), studied the (far infrared) rotational spectrum
of HCI1 [49]; he found that the positions of the absorption lines did not agree with
predictions of classical physics. Richard Tolman (Caltech, Pasadena) analyzed in
1924 [50] Czerny’s data (that he knew before publication by Czerny) with respect to
the strength of absorption, taking into account thermal populations of energy levels,
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which had transition energies of the order of k7. Tolman included in his analysis
stimulated emission (then called “negative absorption”). Tolman discussed in his
lectures about quantum mechanics the three processes described by Einstein. Thus,
stimulated emission was known in the physics community (see [22]).

Based on the quantum theory of Einstein and making use of the correspondence
principle, Hendrik A. Kramers [51] developed a theory of the refractive index of
gases taking account of stimulated emission. He showed that the refractive index
in the vicinity of a resonance line of an atomic gas is expected to decrease if a
portion of atoms is in the excited state, i.e., if the population difference is reduced.
The effect that is due to stimulated emission was called “negative dispersion”. In
1928, Rudolf Ladenburg and coworkers [52—-56] found experimentally that stimu-
lated emission resulted in a reduction of the refractive index of excited neon. Making
use of an interferometric technique combined with a spectral analysis, Ladenburg
and coworkers measured the change of refractive index of a gas (neon), contained in
a long tube, that was excited by a gas discharge. The refractive index in the neigh-
borhood of lines decreased, at strong current, with increasing discharge current, i.e.,
with increasing excitation. Thus, Ladenburg and coworkers performed experimental
studies of energy levels of gases in nonequilibrium states. Ladenburg studied (begin-
ning in 1908) atomic gases by analyzing emission spectra excited by gas discharges.
He emigrated in 1928 to the USA (becoming professor at Princeton University).

In Germany, the activities in the field of experimental spectroscopy were strongly
reduced after the stock market crash in 1929 and when Hitler came to power. In the
U.S.A. and other countries, the Great Depression resulted in a reduced investment
in physics. It seems that atomic physics was in principal understood at the end of
the 1920s. During the 1930s and especially after the discovery of nuclear fission,
the field of nuclear physics became most attractive for physicists. Great interest
in spectroscopy (including microwave spectroscopy) began with the discovery of
masers and lasers.

Townes writes in his memoirs [22]: “By the 1950s, then, the idea of getting
amplification by stimulated emission of radiation was already recognized here and
there, but for one reason or another, nobody really saw the idea’s potency or pub-
lished it, except for me and the Russians [Basov and Prokhorov], whose work was
then unknown for me.” The essential new idea, besides the idea to make use of
atomic transitions in a system with population inversion, was the idea—introduced
by Townes—to use a resonator in order to realize a self-excited oscillator. The next
step, toward the optical maser (laser), was the idea to use an optical resonator, i.e., a
resonator without sidewalls.

Was there a chance to invent the laser already in the late 1920s? In his first paper
mentioning negative dispersion [52], Ladenburg reported the formula of the refractive
index of a gas near a resonance line but outside the range of absorption,

1= L (8NN (9.206)
nj _)»—)»0 lonc 21 21 1 29> .
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Fig. 9.9 A comparison. a Ladenburg’s arrangement used for measurement of negative dispersion
of a neon gas. b Helium—neon laser

where g is the degeneracy of the lower level, g, the degeneracy of the upper level, A
the wavelength of the radiation, and 1y = ¢/vy. Equation (9.206) follows from (9.77)
if degeneracy of energy levels is taken into account. Ladenburg wrote (translated from
German): “It is one of the most important tasks to detect experimentally Kramers’
negative dispersion, whose theoretical importance is unquestionable.”

Ladenburg and coworkers used an arrangement [53] shown in Fig. 9.9a. The opti-
cal arrangement consisted of a Jamin interferometer. One arm of the interferometer
contained a tube filled with neon gas (at low pressure) and the other arm contained
an evacuated reference tube. A beam of white light from an arc discharge lamp was
divided into two beams (one traversing the tube with the gas and the other traversing
the empty tube). Then the two beams were superimposed and passed a diffraction
grating. The interference pattern on a photo plate contained information on the fre-
quency dependence of the refractive index. At large current, both the lower and the
upper level of a resonance transition were occupied. The results [54-56] indicated
that the refractive index decreased as predicted by theory. The relative population
difference (N; — N>g1/g2)/ N was most likely between ten and forty percent. The
arrangement had similarities to that of a helium—neon laser (Fig.9.9b). The dimen-
sion of the helium tube, the gas pressure, and the strength of current were similar.
There are two important differences: the helium—neon laser contains, in addition to
neon, also helium and the gas tube is enclosed between highly reflecting mirrors;
additionally, the gas tube of a laser is closed by Brewster windows. The helium is
essential to obtain a population inversion and the high-reflectivity mirrors are nec-
essary to reach laser threshold. The effect of energy transfer from helium to neon
atoms was not known at Ladenburg’s time and highly reflecting dielectric mirrors
were not available. A helium—neon laser generating visible light was realized in
1962. If Ladenburg or somebody else would have had the idea of a neon laser, a
more elaborated investigation of gas discharges and of laser mirrors would have
been necessary.
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In the 19205 and the beginning 1930s, there was not yet much knowledge about
optical properties of dielectric crystals, of doped dielectric crystals and of semicon-
ductors. Therefore, a solid state laser would not have been a reachable goal at the
time. Research in the field of solid state physics grew strongly between 1920 and
1960 [57].

References [1, 4-6, 12, 13, 22, 35, 36, 40-58, 177-181, 184, 243, 297, 302].

Problems

9.1 Susceptibilities and polarization conductivities. Instead of our ansatz of an
electromagnetic wave, E = Ae'® %9 we could use the ansatz E = Ae!**~*")_Show
that the imaginary part of the susceptibility changes sign but that the real field and the
real polarization are the same in both cases. Discuss the corresponding polarization
conductivity.

9.2 Linear dispersion.

(a) Determine the linear dispersion dn/dw of titanium—sapphire at a population
difference N, — N; = 10*m™3

(b) Determine the shift of the resonance frequencies of a Fabry—Perot resonator
(length 0.5 m) due to optical pumping of a crystal of 1cm length, i.e., at a change
of the population difference N, — N; = 0to N, — N; = 10*m~?

9.3 Nonlinear dispersion of optically pumped titanium-sapphire.

(a) Determine the nonlinear dispersion d?n/dv? around the center frequency wy.

(b) Determine the nonlinear dispersion in the case that N — N; = 10> m~3.

(c) How large is the change of the refractive index in the frequency range vy —
Avy/2, vy and in the range vg, vg + Avy/2?

(d) Determine the shift of the resonance frequencies (due to nonlinear dispersion
of a crystal of 1cm length of a Fabry-Perot resonator (length 0.5 m) due to
optical pumping, i.e., at a change of the population difference N, — Ny =0 to
Ny, — Ny = 10*m™3

9.4 Drude theory. We obtain the Drude theory of the electric transport if we treat
the electrons in a solid as free-electrons, i.e., if we set wyg = 01in (9.42) and introduce
the electron velocity v = dx/dz. Then 8~! = 7 is the relaxation time of an electron:
an electron (accelerated at time t = 0) by an electric field loses its energy after the
time 7.

(a) Derive the high frequency conductivities o (w) and o3 (w).
(b) Determine the real part and imaginary of the high frequency mobility a(w);
V(o) = (@) E(w).
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(c) Determine the corresponding frequency-dependent susceptibilities and dielectric
constants (=dielectric functions).

9.5 Perfect conductor of high frequency currents. We define a perfect conduc-
tor of high frequency currents as a conductor with free-electrons that have an infi-
nitely long relaxation time. [A superconductor at temperatures that are small com-
pared to its superconducting transition temperature 7, can be a perfect conductor of
high frequency currents at frequencies where Av < 2A; 2A is the superconducting
energy gap; T, = 7K for lead and 90K for the high temperature superconductor
YB32CU307.]

(a) Derive the high frequency conductivity of a perfect conductor.

(b) Determine the dielectric function.

(c) Calculate the values of o, of an ideal conductor that contains free-electrons of a
density N = 102 m’; N = 10¥ m?*; N = 102 m’.

9.6 Show that the slowly varying amplitude approximation is valid if the change
of the amplitude within a quarter of the period of a high frequency field is small
compared to the amplitude of a high frequency field.

9.7 Rabi oscillation. An ensemble of two-level atomic systems that interact with a
strong electric field can show an oscillation of the population inversion and, synchro-
nously, an oscillation of the polarization. We assume that the frequency of the field
is equal to the atomic resonance frequency and that transverse relaxation is absent.
We furthermore assume that the only relaxation process is spontaneous emission of
radiation but that the spontaneous lifetime 7} is much larger than the period of the
field. We describe the dynamics of the polarization by,

d’p dpP 5 2 »

F + AQ)OE + O)OP = ;SothleANE. (9207)
Anelectric field E = A cos wot causes a polarization P = B sin wyt thatis 90° phase
shifted relative to the field. We find, in slowly varying amplitude approximation, the
equation

dB Aa)() 1 ®
— + —B(t) = —gohwo By AAN(1). (9.208)
dr 2 T
The time dependence of the population difference is determined by the differential
equation:

dAN@ | AN@®) — ANy _ 1

= AB(t); 9.209
dr T 2hawg @ ( )

the change of the population difference averaged over a period of the field, multiplied
by the energy of a photon, is equal to AB/2.
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(a)

(b)
()

Show that, under certain conditions, these two equations are equivalent to two
second-order differential equations,

d’B/dt* + w3 B =0, (9.210)
d?AN/dt* + w3 AN =0, (9.211)
where
2 0 2
wi = &by /(4hwy) A (9.212)

and wg is the Rabi frequency and, furtheremore, wr << wy; this condition allows
for application of the slowly varying envelope approximation. The differential
equations are approximately valid if wg >> wq. The solutions are

B = By sin wrf, (9.213)
AN = ANy cos wgt. 9.214)

The amplitude of the polarization and the population difference oscillate with
the Rabi frequency. The Rabi frequency is proportional to the amplitude of the
electric field.

Make a draft of the time dependences of the population difference AN and the
amplitude of the polarization.

Calculate the Rabi frequencies for amedium with a naturally broadened line, with
T, = 1072 s. What is the minimum field amplitude necessary for the occurrence
of a Rabi oscillation? (For more information about Rabi oscillations, see, for
instance, [1, 5, 40]).

9.8 Start of laser oscillation.

Show, by use of the van der Pol (vdP) equation of a laser, that laser oscillation cannot
start without an initial field [Hint: the vdP equation has two different solutions,
depending on the initial conditions].

9.9 Write the van der Pol equation of a laser in dimensionless units, as well as the
solution for the electric field.

9.10 Derive the van der Pol equation from the Lorenz-Haken equations.

9.11 The van der Pol equation.
Derive the van der Pol equation of a laser from the (general) van der Pol equation

2

d=y 5. dy

- -1 hcd =0,
d12+8( +y)dr+y

where y is the dimensionless field, ¢ (>0) is a parameter, and 7 the dimensionless
time [Hint: Make use of SVEA; see Problem 31.4].
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9.12 Determine the amplitude of the polarization of a helium—neon laser medium
that carries a polarization-current of 0.68 A m~2 (see Example to Fig.9.6).

9.13 Phase portrait.

(a) Characterize onset of laser oscillation by a phase portrait. Hint: Make use of
the solution A(¢) of the van der Pol equation of a laser. The phase portrait is
obtained for a plot of A (on the y axis) versus A (on the x axis), with the time ¢
as a parameter that varies from r=0to t — oo.

(b) Draw the phase portrait of a laser oscillation for the case that the gain is suddenly
turned off.
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Chapter 10
Cavity Resonator

After a basic description of a laser in the first parts of the book, we now are dealing
with the question how we can operate a laser. For this purpose, we will first discuss
laser resonators. In this chapter, we treat the cavity resonator, which is a closed
resonator. In the next chapter, we will study the open resonator.

We solve the wave equation for electromagnetic radiation in a metallic rectangular
cavity and determine the eigenfrequencies and the field distributions of modes of a
cavity resonator. A cavity resonator has a low frequency cutoff. The cutoff frequency,
determined by the geometry of the resonator, corresponds to a resonance of lowest
order. The field of a mode is a standing wave.

Standing waves composed of two waves that propagate in opposite directions
along one of the three axes of a rectangular resonator are forbidden modes. A long
resonator has modes that are composed of waves that propagate nearly parallel to the
long axis. We express the frequency separation of these modes in a simple way by
the use of the Fresnel number; we will later see that Fresnel numbers are important
parameters of the theory of diffraction.

We finally calculate the mode density that corresponds to frequencies, which are
large compared to the cutoff frequency. This leads to the expression of the mode
density we used in connection with the discussion of Planck’s radiation law and the
Einstein coefficients (Sect.6.7).

10.1 Cavity Resonators in Various Areas

Max Planck used the model of a cavity resonator (="“hohlraum” resonator) to derive
the radiation law.

Microwave oscillators (Chap. 31) and far infrared semiconductor lasers (Chap. 29)
make use of cavity resonators.
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High-Q microwave cavities that are able to store electromagnetic fields of large
amplitude are suited to accelerate particles in accelerators.

10.2 Modes of a Cavity Resonator

We discuss properties of a rectangular metallic cavity resonator (Fig. 10.1). All walls
are metallic. We assume that the walls are ideal conductors, i.e., that reflection of
radiation at the walls occurs without absorption loss. The extensions of the cavity
resonator are: @; = width (along x axis); a, = height (along y); L = length (along z).
Coupling of radiation into a resonator is possible, for instance, by means of a hole in
one of the walls. We treat the interior of the resonator as a vacuum space, ignoring
the effect of air (or of another medium).

To describe the electromagnetic field in the resonator, we make use of Maxwell’s
equations

VxH = dD/at, (10.1)
VxE = —3B/dt, (10.2)
V.E =0, (10.3)
V.B = 0. (10.4)

E istheelectric field, B the magnetic induction, H the magnetic field, D the dielectric
displacement, &, the electric field constant, and o the magnetic field constant. A
field in vacuum is characterized by

wH = B, (10.5)
D = &E. (10.6)

The boundary conditions for electromagnetic fields require continuity of the tangen-
tial component E; of the electric field at a boundary and continuity of the normal
component H, of the H field. The tangential component of the electric field is zero

ay

y.ﬂ

Fig. 10.1 Rectangular cavity resonator
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everywhere on the walls of an ideal conductor,
E(wall) = 0. (10.7)

Forming V x (V x E+0B/dt) =0,and withV x (VX E)=V xV x E —
V2E, we obtain the wave equation

, | 9°E
VE-—2" 0. (10.8)
Ho€o ot?

This corresponds to three equations, concerning the field component E., E, and E:

2 9 92 1 3’E,
— _ Ex JR— = O’ 109
(8x2 + 0y2 322) 2 92 (10.9)
" + > + Ve, - LVE (10.10)
ax2 o ay?  9z2) Y e a2 7 ’
02 2 9? 1 9%E,
—+—+ = E.— = - = 0, 10.11
(8x2 + 0y2 + 8z2) et a2 ( )

where ¢ = 1/.,/goto is the speed of light in vacuum. The ansatz
E, = f(x) g(y) h(z) coswt (10.12)
leads to the equation

13%f 1% 18*h o
?ﬁ‘l‘ga—yzﬁ-za—zzﬁ-c—z:& (10.13)

By separation of the variables,

ot fraxt = k2, (10.14)
g 19%g/0y* = k2, (10.15)
h'9%h/9z* = k2, (10.16)

we obtain
w:c,/k§+k)2,+kzz. (10.17)

The solutions concerning the field components, the wave vector k, and the
eigenfrequency w are given by the following equations:
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E.(r,t) = A,cosk,xsink,y sink.z cos wt, (10.18)
E,(r,t) = Aysink.x cosk,ysink.z cos wt, (10.19)
E.(r,t) = A;sink,x sink,y cos k,z cos wt, (10.20)
k= kyn = (ml, n-, lz), (10.21)

aq ay L

7\> 7\? T\2
w:wmm:c\/(ma—l) +(ng) +(zz). (10.22)

Ay, Ay, and A; are the amplitudes of the three field components, r = (x, y,z) is a
location, m, n, and [ are integers. With the exception that at least two of the three
numbers are nonzero, these can have the values

m=20,1,2...; n=0,1,2...; [=0,1,2,....
We thus obtained the modes of a resonator. A mode is characterized by the number
triple mnl and a discrete eigenfrequency wpy. The electric field fulfills the condition
of transversality, V x E =0, or

kxE=0 (10.23)

corresponding to
kyAy +kyAy + kA, =0. (10.24)

The 101 mode has the frequency

c /1,1 (10.25)
Vol == [ — + 5. .
=2 T
The electric field of the 101 mode is
E, = A, sin == sin - cos wr. (10.26)
. ai L

The field (Fig. 10.2a) is oriented along the y axis. The field strength has the largest
value in the center of the cavity.
The 011 mode has the frequency

c 1 n 1
Vo1 =—- | —+—.
M=o a2 T

(10.27)
The field of the 011 mode is oriented along x. In the case thata; = a,, the 011 mode is
degenerate with the 101 mode, i.e., the modes have the same frequency but different
field patterns. Microwave cavities often have a side ratio close to ay/a; = 1/2.
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(a) 101 mode
74 i
7 Y
/ !{/ z lines
(b) 101 011 111
L | | | .
0 v

Fig. 10.2 Modes of a cavity resonator. a Field lines of the 101 mode at a fixed time. b Frequency
distribution

The frequency distribution of the modes (Fig. 10.2b) shows that there is a forbidden
frequency range between v = 0 and vj¢; (for a, < a;). The lowest frequency is the
cutoff frequency of the resonator. The corresponding cutoff wavelength (of free-
space radiation) is A = ¢/vjo;. The cutoff wavelength of a cubic cavity resonator is

A =av2.
Example a; = lcm, a; = 0.5cm, L = lcm; vyg = w01 /27 = (c/2),/al_2 + L2

~ 21.2GHz. The corresponding free-space wavelength of the radiation is about
1.42cm.

The solutions (10.18) through (10.20) describe standing waves. As an example,
we consider a n01 mode

E, = Aysink,x sink.z cos wt. (10.28)

We can consider the field as composed of two waves propagating in +z and —z
direction,

E, = % A, sin(kyx) (cos (a)t —k,z — %) + cos (a)t + k,z + %)) . (10.29)

The two waves have the same amplitude, but the amplitude varies along the x
direction. Alternatively, we can describe the n01 wave as composed of two waves
propagating in x and —x direction,

E, = % A, sinkc2) (cos (o — ko = ) +cos (ot + kx4 7)) (10.30

In this description, the amplitude varies along the z direction.



186 10 Cavity Resonator

In conclusion, the amplitude of the field of a standing wave in a rectangular cavity
resonator varies along either two or three axes of the resonator.

10.3 Modes of a Long Cavity Resonator

We study modes corresponding to wave vectors that have small angles with respect
to the axis of a long resonator (L > a, with a; = a, = a). The modes fulfill the
conditions:

m /
7 < Ix k, < k., (10.31)
n l
The frequency of a mode is
cl m?+n2 L2\'?
A Taylor expansion yields
S O 10.33
Vmnl ~ i +m 2la? +n a2 ) (10.33)

The frequency distance of the modes with high order in / and low order in m and n
(Fig. 10.3) is equal to

A (g L) L (10.34)
Uy =V -V =—\\m+ = . .
m 1,m+1,n 1,m,n oL ) 4l(12
A simple calculation yields
1
m+ 5
Av,, = Ay 2 (10.35)
F
Fig. 10.3 Frequency %
spectrum of modes of a long S = = o
resonator - g = o
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where Av; = ¢/2L is the frequency distance between neighboring 001 modes (that
are forbidden modes) at the frequencies v; = [ x ¢/(2L) and where

o (/27
L

(10.36)

is the Fresnel number. If F = 1, the frequency separation between the Onl mode
and the Inl mode is Avy,—o = Avy;/2. If F > 1, the frequency distance, Avy—¢ =
Av;/(2F), is small compared to Av;. The Fresnel number combines geometric quan-
tities (the area of the reflectors and the distance L between the reflectors) and the
wavelength of the radiation; see also Sect. 10.5.

10.4 Density of Modes of a Cavity Resonator

The k vectors of the modes of a cavity resonator have discrete values. In k space
(Fig. 10.4), the k values are

k= (ml, nZ lz), (10.37)
a) as L

where m, n, and [ are integers. The numbers are positive, the k vectors lie in one
quadrant of the k space. There is one allowed k point in the k-space volume

T T 7w
Vi=—Xx—x —. (10.38)
aj ay L
A spherical shell of radius k and thickness dk has the k-space volume
1 2
V= 3 x 4mk-dk. (10.39)

Fig. 10.4 Modes in k space
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Fig.10.5 Electromagnetic waves in a cavity of large volume. a Dispersion relation. b Mode density

At large k, the number of k values in the interval k,k + dk is equal to

- \%4 alagL )
D(k)dk = — = ———k~dk. 10.40
(ydk = v = =5 (10.40)

The density of modes in k space, i.e., the density of allowed k values, is equal to

alazL

2
Sk (10.41)

D(k) =

It follows from the dispersion relation for light (Fig. 10.5a),

— (10.42)
2
that the frequency interval
dy = Ldk (10.43)
2

contains as many modes as the corresponding interval dk. Taking into account that
there are two waves of different polarization for each k vector, we obtain

D(v)dv = 2D(k)dk (10.44)
or _
- 2D(k)
D(v) = TS (10.45)

This leads to the mode density on the frequency scale (=number modes per unit
frequency),
8 v?

D(v) = aja L (10.46)

3

We have, for frequencies large compared to the cutoff frequency, i.e., for a resonator
that has extensions large compared to the wavelength of radiation, the result: the
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density of the modes of a cavity resonator increases proportionally to the square of
the frequency (Fig. 10.5b). It also increases proportional to the volume of the cavity.
The mode density per unit volume is given by

8mv?
3

D) = LD(U) = (10.47)
alagL

Accordingly, D(v)dv is the number of modes (per unit volume) in the frequency
interval v,v + dv.

The density of modes in a cavity resonator containing an optically isotropic
medium (refractive index n) is equal to

(10.48)

Due to the smaller wavelength, i.e., the larger wave vector of radiation of frequency
v, the density of modes of a cavity containing a dielectric medium with the refractive
index 7 is by the factor n* larger than the density of modes of the cavity without a
medium.

The density of modes (per unit volume) in free space is the same as the density
of modes (per unit volume) in a cavity resonator (Problem 10.7).

10.5 Fresnel Number

The Fresnel number (Sect. 10.3)

=— =" X — (10.49)
41L A L

is a combination of resonator extensions (width a, height a, length L) and wave-
length A. The Fresnel number is dimensionless. Many properties of optic apparatus
of different size depend solely on F; the Fresnel number plays an important role in
the characterization of diffraction occurring in laser resonators (Sect. 11.8).

We introduce the Fresnel number in a different way. We consider (Fig. 10.6) the
widening of a light beam by diffraction at an iris diaphragm (diameter a). The angle
of diffraction is approximately given by

Q| >

(10.50)

A mirror (also of diameter a) at distance L from the iris reflects a portion of the
radiation. The Fresnel number is
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Fig. 10.6 Fresnel number —p
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The mirror reflects half of the light if F = 1 and most of the light if ¥ > 1. The
intensity of the reflected beam is

F
I =Ip ——, (10.52)
1+ F

where Iy is the intensity of the incident beam.

10.6 TE Waves and TM Waves

We choose the z axis of a rectangular cavity resonator as a preferred axis. Then we
can divide the waves, with respect to the z axis, in TE and TM waves:

e TE wave (=transverse electric wave). The electric field is transverse to z. The
magnetic field has a z component as well as an x or a y component. Or it has z, x,
and y components. (A TE wave is also called H wave or magnetic wave.)

e TM wave (=transverse magnetic wave). The magnetic field is transverse to z. The
electric field has a z component and an x or a y component. Or it has z, x, and y
components. (A TM wave is also called E wave or electric wave.)

To calculate the fields of different modes, we have to take into account that the bound-
ary conditions for electromagnetic fields at the boundary of a perfect conductor are
Ei(wall) = 0 and H,(wall) = 0. It turns out that a mode of a rectangular cavity res-
onator is either a TE mode or a TM mode; i.e., if a mode is excited, the corresponding
wave is a TE wave or a TM wave. (For calculations of amplitudes of electric and
magnetic fields, see Problems).
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Fig. 10.7 Rectangular cavity resonator: electric field lines (solid) and magnetic field lines (dashed)

Example (Fig.10.7). The magnetic field of the 101 mode can be calculated by use
of (10.2) and (10.5). We obtain (with A, = Ey):

.. Tx , 7%
E, = Eysin — sin — cos wt, (10.53)
: ap L
gy A . TX Tz .
H, = A Ey sin — cos — sin wt, (10.54)
Mo 2L as L
g A TX T
H, = oz Eycos — sin Tz sin wt, (10.55)
Ko a2 a L

where A = ¢/v = 2nc/w is the free-space wavelength; the parameter /ito/gp =
377%2 is the impedance of free space. The 101 mode is a TE mode, which we can
design as TEy; mode.

10.7 Quasioptical Arrangement

Microwave radiation generated by a microwave oscillator (Chap.31) can be guided
by means of waveguides. Emission of radiation into free space is possible by the
use of an antenna. An antenna mediates the excitation of a wave in free space. A
free-space wave excited by an antenna consists of a mixture of radiation belonging
to different modes of free space. The strongest portion of radiation can belong to the
fundamental (Gaussian) mode (next chapter). However, radiation belonging to other
modes (corresponding to a power of radiation of the order of 1%) cannot be avoided.
Vice versa, it is not possible to completely convert radiation belonging to a single
mode of the free space to radiation of a single mode of a waveguide. The combination
of microwave and optical techniques leads to quasioptical arrangements [63].
References [59-62].
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Problems

10.1 Modes of a cubic cavity. Determine the frequencies of the four modes of
lowest frequencies of a cubic cavity resonator (side length a = 1 cm).

10.2 Degeneracy of modes of a rectangular cavity resonator.

(a) Determine the degree of degeneracy of the 011, 110, and 101 modes if a; =
a) = L.

(b) Determine the degree of degeneracy of the 011, 110, and 101 modes if a; =
ap 75 L.

(c) Determine the degree of degeneracy of the 011, 110, and 101 modes if a; #
as ;ﬁ L.

(d) Determine the degree of degeneracy of the 111 mode.

10.3 Density of modes of a cavity resonator. Determine the density of modes of a
cubic cavity resonator of 1 cm side length at a frequency corresponding to a vacuum
wavelength & = 700 nm for the following cases.

(a) If the cube (with metallic walls) is empty,

(b) If the cube contains an Al,O3 crystal (refractive index n = 1.8) and fills the
cavity completely,

(c) If the cube contains a GaAs crystal (n = 3.65) that completely fills out the cube.

10.4 Number of modes. Determine the number of modes of a cubic cavity (side
length 1cm) in the frequency interval 1 x 10'*Hz, 1.1 x 10'*Hz.

10.5 Mode density on different scales. Determine the relations between the mode
density on the frequency scale and on different other scales:

(a) scale of photon energy hv; (b) w scale; (c) scale of vacuum wavelength A.

10.6 Variation of the resonance frequency of a mode. By changing the length L
of a resonator, the resonance frequencies change. Determine the dependence of the
frequency v of the 101 mode on the change §L of the length L of a long resonator
(L > ay).

10.7 Density of modes in free space. Determine the density of modes of electro-
magnetic waves in free space. [Hint: make use of periodic boundary conditions.]

10.8 Energy of a field in a cavity resonator.

(a) Determine the energy of a field in the 101 mode of a rectangular cavity resonator
(width a;, height a,, length L; field of amplitude A).

(b) Determine the energy contentin the casethata; = lcm,a; = 0.5cm, L = 2cm,
A=1Vem™
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10.9 Magnetic field in a rectangular cavity resonator.

(a) Derive the wave equations describing the H field.
(b) Solve the wave equations. [Hint: the normal component H, of the magnetic field
is zero everywhere on the walls, H, (wall) = 0.]

10.10 TE,,,; modes of a rectangular cavity resonator.

(a) Determine the fields of a TE,,;; mode.
(b) Express the amplitudes of the field components by the amplitude of the z com-
ponent of the H field. [Hint: take into account thatk x E = Qandk x H = 0.]

10.11 TM mode of a rectangular cavity resonator.

(a) Determine the fields of a TM,,,; mode.
(b) Express the amplitudes of the field components by the amplitude of the z com-
ponent of the E field.

10.12 Field components of different modes of a rectangular cavity resonator.

(a) Determine the magnetic field components of the 101 mode. [Solutions are given
in (10.54) and (10.55).]

(b) Determine the electric and magnetic field components of the 011 mode.

(c) Determine the electric and magnetic field components of the TE;;; mode and
the TM;; mode.

(d) Show that the 101, 011 and 110 modes exist only as TE modes.

(e) Show that the TE,;; and TM,;; modes are degenerate if none of the three
numbers is zero.

10.13 Rectangular waveguide. If we omit in a rectangular resonator the two walls
perpendicular to the z axis, we obtain a rectangular waveguide.

(a) Characterize the TE mode of lowest order.
(b) Characterize the TM mode of lowest order.

10.14 Show that the number of (short-wavelength) cavity modes in a frequency
interval dv for a rectangular cavity is given by (87/A%) V. dv/v, where V. is the
cavity volume and A the free-space wavelength. Show that the number of modes in
a spherical cavity is given by the same expression.



Chapter 11
Gaussian Waves and Open Resonators

A large number of gas and solid state lasers as well as free-electron lasers make use
of an open resonator.

Before discussing open resonators, we introduce the Gaussian wave (=Gaussian
beam). It is a kind of a natural mode of electromagnetic radiation in free space. A
Gaussian wave is a paraxial wave, that is a wave with a well-defined propagation
direction along the beam axis (z axis) and a small divergence. The amplitude of the
field perpendicular to the beam axis has a Gaussian distribution. A Gaussian beam
traveling from z = —oo to z = oo has a beam waist. Accordingly, the diameter of
the beam shows a minimum at the beam waist.

A Gaussian wave is a solution of the wave equation—which we use in the form of
the Helmholtz equation—and an appropriate boundary condition: the energy trans-
ported by the wave through a plane perpendicular to the propagation direction is
finite. Besides the Gaussian mode (=fundamental Gaussian mode), the wave equa-
tion provides higher order Gaussian modes.

A Gaussian wave fits to a resonator with spherical mirrors—a longitudinal mode
of an open resonator is a standing wave composed of two Gaussian waves propagating
in opposite directions. Higher order Gaussian modes lead to transverse modes of a
resonator. A laser with a spherical-mirror resonator is able to generate a Gaussian
wave.

The analysis of resonators having mirrors of various curvature shows that there are
stable and unstable resonators. The confocal, the concentric, and the plane parallel
resonator are three special types of resonators.

We describe the effect of diffraction that can be used to suppress laser oscillation
on transverse modes and to operate a laser on longitudinal modes only.

We introduce the ray matrix (ABCD matrix) to describe the propagation of paraxial
optical rays in free space and in optical systems. We show that a Gaussian beam can
be focused by a lens to an area of a diameter that is equal to about a wavelength of
the radiation.

© Springer International Publishing AG 2017 195
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The wavelength of a monochromatic Gaussian wave is a constant far outside the
beam waist but shows a (small) variation in the range of the waist. As a consequence,
the resonance frequencies of a resonator with spherical mirrors are not multiples
of a minimum frequency but are shifted toward higher frequencies. The change of
wavelength in a beam waist corresponds to a change of phase that has been pre-
dicted and experimentally demonstrated by L. G. Gouy in 1891 and experimentally
demonstrated also recently by the use of femtosecond pulses. The Gouy phase shift
influences the frequency spectrum of optical frequency combs (Sect. 13.4).

We begin this chapter with a characterization of laser radiation generated by the
use of a resonator with spherical mirrors.

11.1 Open Resonator

Figure 11.1a shows a design of a laser (e.g., of a titanium-sapphire laser). The laser
resonator consists of spherical mirrors (diameter 1 cm) at a distance of 1 m. The active
medium has a diameter of 1 cm. The diameter of the laser wave is about 1 mm. The
spherical mirrors have the extraordinary property to concentrate the radiation within
the resonator at the resonator axis. The radiation circulates within the resonator. A
portion of radiation, coupled out via the partial reflector, has a small beam divergence

(a)
reflector active medium partial reflector
T( \
£ L laser beam
o
- T1 mm )
1 \ 1cm
I 1m |
(b)

resonator axis

(
\ )

\
)
(c)
- + - l + ] —m longitudinal mode

transverse mode

y i

Yy Z

Fig. 11.1 Laser with a spherical-mirror and modes of the resonator. a Laser. b Open resonator.
¢ Longitudinal mode. d Transverse mode
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(e.g., 1 mrad). Diffraction of the wave at the reflector and the partial mirror has (in
the laser design shown in the figure) almost no effect on the wave—except that
diffraction plays an important role with respect to elimination of radiation belonging
to unwanted modes (Sect. 12.2).

We give here a short characterization of a spherical-mirror resonator: it is an
open resonator—it has no sidewalls (Fig. 11.1b). The length L of the resonator is
much larger than the wavelength of the radiation. We characterize the modes of the
resonator by the use of a cartesian coordinate system; we choose the direction of the
resonator axis as z axis. We now blow up the lateral extension of the wave in order
to visualize different modes. The simplest type is a longitudinal mode (Fig. 11.1c).
The phase of the field varies along the resonator axis. The field amplitude has the
largest value on the resonator axis and decreases in directions perpendicular to the
resonator axis. Figure 11.1d shows a transverse mode: the phase of the field varies
in axial direction (as for a longitudinal mode); however, the amplitude of the field is
zero at the resonator axis and changes the sign in x direction. There are many other
types of transverse modes as we will see.

We will show that longitudinal and transverse modes of a resonator with spherical
mirrors correspond to standing waves in accord with the wave equation and with
appropriate boundary conditions. A standing wave in a spherical-mirror resonator
consists of two Gaussian waves propagating in +z and —z direction. The waves are
Gaussian waves (=Gaussian beams). Before treating resonators, we will introduce
Gaussian waves as solutions of the wave equation describing electromagnetic waves
in free space (see the next two sections). A Gaussian wave is a paraxial wave: it has
a well-defined propagation direction and a small beam divergence. We will see that
Gaussian waves in free space can also be divided into longitudinal and transverse
modes. A Gaussian (or higher-order Gaussian) mode of the free space is characterized
by the propagation direction (z direction) and a number pair mn, where m is the
number of changes of the sign of the amplitude in x direction and n is the number
of changes in y direction.

The electric field of a Gaussian wave in free space is transverse or nearly transverse
to the z direction. The direction of the magnetic field (that has always a direction
perpendicular to the electric field) is also transverse or nearly transverse to the z
direction. A Gaussian wave characterized as

TEM,,, wave

means that the electric and magnetic fields of the wave are transverse or nearly
transverse to the z direction (Problem 11.6). A TEM,,, wave can be a longitudinal
or a transverse mode.

e Longitudinal mode=00 mode=axial mode=Gaussian mode = fundamental
Gaussian mode =lowest-order Gaussian mode—the longitudinal mode appears
under different names which will become clear during this chapter. The phase
of the field in a longitudinal mode varies in the axial (=longitudinal) direction.
The sign of the amplitude does not change in the directions perpendicular to the
resonator axis.
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e Transverse mode (=higher-order Gaussian mode). The phase of a transverse mode
varies in the axial direction and the sign of the amplitude varies in one or two
directions perpendicular to the resonator axis. We will introduce the Hermite—
Gaussian modes.

Paraxial electromagnetic waves are transverse electromagnetic (TEM) waves
(=transversely polarized electromagnetic waves), whether they belong to longitudi-
nal or transverse modes. The active medium of a laser resonator is able to excite a
standing Gaussian mode in the resonator and—if one of the spherical mirrors is a
partial mirror—also a Gaussian wave propagating in free space.

A Gaussian mode or a higher-order Gaussian mode within a resonator is a

TEM,,,,y mode.

The index [ indicates the number of half wavelengths of the field in a resonator.
The electric and magnetic fields of a Gaussian wave in a resonator are transverse or
nearly transverse to the z direction. Each number triple corresponds to a mode of the
electromagnetic field, i.e., to a particular pattern of the field in a resonator.

A polarized electromagnetic wave in a mode mn of free space or on a mode mnl
of a resonator can be polarized in one of two directions perpendicular to each other
(and perpendicular to the propagation direction). The direction of the polarization of
laser radiation can be chosen by inserting a polarizer or other elements (for instance,
a Brewster window) into the laser resonator.

The characterization of modes as longitudinal or transverse modes is of practical
interest: most lasers generate radiation belonging mainly to longitudinal modes.

11.2 Helmholtz Equation

We make use of a simple wave optics, first described by Helmholtz. We start with
the equation
V2E LPE _ 0 (11.1)
2oz '
which represents three wave equations, one for each of the three components of the
field vector E. Ignoring the polarization of the electric field, we can reduce the three
wave equations to one equation,
1 3’E
VE—— — = 0. 11.2
c? 9z? (1.2

E is the field treated as a scalar quantity. We consider a monochromatic wave

E(x,y,z,1) = ¥(x,y,z) e, (11.3)



112 Helmholtz Equation 199

The time independent part of the field, ¥ (x, y, z), obeys the Helmholtz equation
V2 + k2 = 0, (11.4)

where k = w/c. The energy density of the field is u(x, y, z) = %80|¢(x, v, 2)|*.

Among the many solutions of the Helmholtz equation are two simple cases.
Plane wave. The solution is

E =A@+, (11.5)

where
k = w/c (11.6)

is the wave vector and c the speed of light. The wave vector is independent of x, y,
and z. The phase of the wave assumes constant values,

o(t,7) = wt — kz = const. (11.7)

The condition d¢/dt =0 yields the phase velocity vy, =dz/dft = w/k= c. The
condition d¢/dz =0 yields the group velocity v, = dz/df= c. Group and phase
velocities are equal to the speed of light. The wavelength A =2 /%, i.e., the spatial
period, is independent of x, y, and z. The amplitude A of a plane wave is the same
everywhere in space. The phase kz is a constant in planes of fixed z.

The wave has no angular spread. We can decompose the phase,

@(t,2) = @i (1) — ¢:(2), (11.8)

where ¢, (¢) is the time-dependent portion of the phase and ¢,(z) is the position-
dependent portion. The temporal change of ¢, (¢) is the angular frequency,

dy,/dt = w, (11.9)
and spatial change of ¢,(z) is the wave vector (=2 x saptial frequency),
de,/dz = k. (11.10)

Spherical wave. A spherical wave has the form

E=£€W%l (11.11)

s
K is a measure of the strength of a wave. Inserting (11.11) in (11.4) yields k =w/c.
The amplitude decreases inversely proportional to the distance s from a point source.
The phase ks is a constant on spheres around the origin s=0. The phase and group
velocities are equal to the speed of light. The direction of the phase and of the group
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velocity is radial away from the source point s =0. The wavelength A =2x/k is
independent of x, y, and z.

The plane wave and the spherical wave cannot be realized experimentally. We
will now look for paraxial waves. These have a well-defined propagation direction
(along z) and a small angular spread. We describe the waves by the ansatz

Y o= f(x,y,2)e . (11.12)

We suppose that f changes only weakly with z. We can therefore neglect the second
derivative of f with respect to z and obtain the Helmholtz equation of paraxial waves,
*f  f af

ST LT ol 11.13
o oy g (11.13)

Gaussian waves and waves in optical resonators are described in many textbooks;
see REFERENCES at the end of the chapter. Studies of mode patterns began in 1961
[67-69]. We will study various aspects of Gaussian waves. We will begin with the
discussion of a solution of the Helmholtz equation, following [40].

11.3 Gaussian Wave

A Gaussian wave (=Gaussian beam) is a paraxial wave. We solve the Helmholtz
equation of paraxial waves by use of the ansatz

f@x,y,2) = G(z)e WHIIFQ@, (11.14)

G and F are complex functions that change only weakly with z.
Differentiation yields

d? 2G G

< - (—7 +4x2ﬁ) e HNIE, (11.15)
df dG | xX*4+y* dF\ _op0e

(@ eg)e (e

The Helmholtz equation leads to an equation

=0, (11.17)

2 1 dG(z) x*+4y? dF
dz

" Fo "Gk dz F2(z) 2k

which includes two conditions,
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dF
2 —ik— =0, (11.18)

dz

2 1dG
- —=—=0. 11.19
ikF G dz ( )

Integrating (11.18) yields
2

F(Z)ZE(Z-’_CI)' (11.20)

The integration constant C; is a complex quantity. We suppose that the wave front
at 7 = zo is a plane, i.e., that the phase of f(x, y, z) is independent of x and y. Then
F (zo) is real. By writing F(zo)=w, we find

Cy=—wi—20 (11.21)

and 5
F = w§+E(z—ZO). (11.22)

We separate 1/F in real and imaginary part,

1 k2w + 2ik(z — 1 ik
1 _ Wo4+ ik(z — zp) - 1_’ (11.23)
F Kwg+4(z—z0> w? 2R

where
A(z — 70)2
W= wp 1+(Z—i°), (11.24)
kwg
Kwh
R=z7—z70+—2—. 11.25
A TEp—— (11:25)
We obtain, with 72 = x? + y?, the solution
fr)=G(g) e /W@ ¢ ik /2R@, (11.26)

We will see that w = w(z) is the beam radius and R = R(z) is the radius of curvature
of the beam at the location z. The beam radius has the smallest value for z =z, i.e.,
the beam has a waist at z = zo, where the radius of the beam is equal to wy. That R is
the radius of curvature follows from the relation (Fig. 11.2):

2(z — 20)r2 _ r2
Kwd +4(z — 20> 2R’

(11.27)
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Fig. 11.2 Curvature of the N g
wave front of a Gaussian R r‘/2rR
wave r

Z, Iz

Making use of (11.22) and (11.19) we obtain the differential equation

1dG 1
= (11.28)
G dz 7 — 20 + ikwg/2
We write '
G(z) = K(z) €@, (11.29)

K=|G]| is the absolute value of G and ¢ is a phase, the Gouy phase. We obtain the
differential equation

1dG 1 dK +,d¢ Z—20 ikw/2
2T _ 2T .
Gdz Kdz dz (z — 202 + k2w /4 (z—z20)* + K>wi/4
(11.30)
Separation of real and imaginary part provides two differential equations,
1 dK —
—— = o (11.31)
K dz  (z—2z0)? 4+ K2wy/4
d kw?/2
@ _ ¥/ —. (11.32)
dz (2 —2z0)* + k>wg /4
The solutions are
2C,
K=—, (11.33)
kwg
2(z — 27 —
¢(z) = tan™! (Z—ZZO) or tan¢(z) = (Z—ZZO) (11.34)
kWO kWO

C, is anintegration constant, which is real. (Instead of the notation tan—!, the notation
arctg can be used). It follows that the field is

C .
w(z’ r) — W(z) efrz/wz(z) efllsz¢(z)+kr2/2R(Z)l- (1135)
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C3=2C,/kwy is a constant. The phase shows a change according to propagation and,
additionally, due to the Gouy phase shift ¢ (z). The amplitude of the field decreases in
propagation direction inversely proportional to the beam radius. The field amplitude
at a fixed z decreases from its value on the axis (r = 0) to 1/e at the beam radius w(z).
The solution contains two integration constants, wy (contained in the expression of
w) and C3. The values of wy and C3 of a particular Gaussian wave can be determined
experimentally—for instance by determination of the beam diameter of the intensity
distribution at a fixed location z (e.g., at z¢) and determination of the power of the
wave. In the beam waist, i.e., at the location of minimum beam diameter, the field
distribution is equal to

c s o
Y(z0,7) = — e /M gilka—d o], (11.36)
wo

We can write
C, C,
G(z) = = - (11.37)
74+ Cy ikF(z)/2

and therefore

2C :
Uiz, r) = lkF(ZZ) efrz/wz(z) eﬂlsz¢(z)+kr2/2R(z)l’ (11.38)
where .
1 1 ik

Fo) = W20 + RG) (11.39)

The propagation of a Gaussian wave is completely described by the beam radius w(z)
and the radius of curvature R(z) or, alternatively, by the complex beam parameter
F (). It is convenient to introduce another complex beam parameter

N ik
q(z) = EF(Z)' (11.40)

(We omit in this section the tilde sign of complex quantities, except of the beam
parameter g). It follows that

1 1 2i 1 ir
— = - = - . (11.41)
G(z) R kw2(x) R 7w(z)
We can write the field in the form
2C 2 C 2
Yz, r) = # exp (—ikz - %) = 32 exp (—ikz - ;—é) . (11.42)

We now discuss the solution in more detail. The field is equal to
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C .
E(z,r) = Wz) e—rz/wz(z) el(wt—[kz—¢(z)+kr2/2R])' (11.43)

The spatially dependent part is

C )
Y(z,r) = WZ) e /W@ gilki—¢@)+Hhr?/2R], (11.44)
We write '
Y(z,r) = Az, r) e &, (11.45)

The amplitude of the Gaussian wave is

C
A r) = —— e /M@ (11.46)
w(z)
and the phase is
-
, 1) =kz — kr. 11.47
oz, r) =kz—¢)+ R@ r ( )

The expression contains two terms that depend on z only and another term that
depends additionally on r; this term vanishes on the beam axis. The field distribution
has the following properties (Fig. 11.3 and Table 11.1):
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Fig. 11.3 Gaussian wave. a Rays and lateral distribution of the amplitude. b Rayleigh range.
¢ Divergence. d Gouy phase
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Table 11.1 Properties of field and energy density of a Gaussian beam propagating from z =—o0

to z=+00
7=—00 =20 z= (20 +2Rr) 7 — 00

Radius (field) wo V2w wo(z — z0)/2R
A(r=0) Ao Ao/V2 Aozr/(z = 20)
¢ —/2 0 /4 /2
Wave front Spherical Plane Curved Spherical
Radius (energy) Fa.0=wo/v/2 N2r0 ru,0(z — 20)/2rR
u(r=0) uozy/(z —20)* | uo uo/2 uoz5/(z — 20)*

e (7, 2) is circularly symmetric around the beam axis.

e The amplitude of the wave decreases laterally according to the Gaussian function
and is, on the beam axis, inversely proportional to the beam radius w(z).

e The wave has a waist. The beam radius of the waist is wy. In the waist, the wave
front is a plane and the field amplitude distribution is given by

C
A(zo, 1) = 3 et = Ag e "M,

wo

(11.48)

Ay is the amplitude of the wave on the beam axis (r=0) at z=z.

e If 7 # z, the wave front is curved and the beam radius increases with increasing
|z — zol.

e For large |z — zo|, namely for |z — zo| > kw(z)/2, the curvature is R(z)=z — zo and
the beam radius is w(z)=2kwy(z — z¢). Both the curvature and the beam radius
increase linearly with |z — zq|.

e The Rayleigh range is equal to

R = kwj/2 = Twg/A. (11.49)

The beam diameter increases in the range zo, zo + zr by the factor +/2. In the range

Z0 — ZR, 20 + zr the Gaussian wave remains almost parallel. This range is the near-

field (or Fresnel) range. The range |z — zo| > zr is the far-field (Fraunhofer) range.

We can express the three parameters w, R, and ¢ of a Gaussian wave by the beam

waist wg and the Rayleigh range zg,

_ 2
w(z) = wo 1+@, (11.50)
<R
Z2
R(z) =z —z0+ —2—, (11.51)
Z—20
$(2) = tan! 20 (11.52)

ZR
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The distance 2zg between the points zo — zr and zo + zr is the confocal parameter
or depth of focus.

e Gouy phase. The Gouy phase—inherent to a Gaussian wave—describes a phase
that is associated with the spatial and the temporal change of the curvature of the
wave front (Sect. 11.7).

e Change of phase. When a wave front with the field distribution ¥ (z,, r) propagates
from z; to z,, the phase ¢ changes according to

9(22) — ¢(z1) = [kz2 — P (22)] — [kz1 — P (zD)]. (11.53)

¢ (z20) — ¢ (z1) is the Gouy phase shift. When the wave front propagates through
the beam waist from a far-field location z; < z¢ to a far-field location z, > 7,
the phase ¢ changes by

¢(z2) — @(z1) = kzp — kzy — . (11.54)

The propagation through the beam waist changes the phase of the wave by —m, in
addition to the geometrical phase change kz, — kz;. When the wave front travels
from z;=—zg to z,=zR, the change of phase is (for zy = 0) equal to

@(zr) — @(—2r) = kzr — /2. (11.55)

e The field of a Gaussian wave is given by
— Ay 0 o) 2
E(z,r 1) =A) — e cos [wt — (kz — ¢ + kr*/2R)]. (11.56)
w

Ap=Cj3/wy is the amplitude in the center of the beam waist (at z=0 and r =0).
e The energy density, averaged over a temporal period, is

1 r
w(z,r) = zeA} L e/, (11.57)

2 re
where r,=w/+/2 is the beam radius with respect to the energy density distribution.
The radius of the energy distribution at the beam waist is ry g=wo/ V2. At the
beam waist, the energy density decreases within the radius r, ¢ to 1/e relative to

the energy density on the beam axis.
e Divergence. At large |z — zo|, the angle of divergence of the field is given by

Py
o = 0 -~ (11.58)
ZR TTWo

The product of the far-field aperture angle 6y and the diameter at the beam waist
is a constant,
2wy X 6y = 2A/m. (11.59)
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The angle of divergence, with respect to the energy density, is 6,0 = 6/ V2. The
product
2ru,09u,0 = )\,/T[ (1 160)

is by a factor of two smaller than the product with respect to the field amplitude.

e Radiance of a Gaussian wave. The radiance of a paraxial beam is defined as the
power of radiation passing through an area (oriented perpendicular to the beam
direction) divided by the area and the solid angle of the beam. To estimate the
radiance of a Gaussian beam, we approximate exp (—r2/r2) by arectangular radial
distribution of diameter 27, and find that the power of radiation passing through
the beam waist is approximately given by

P =L, x area x £2, (11.61)

which is the product of the area of the beam in the beam waist, the solid angle §2
of the beam, and the radiance (=brightness) L,. We can write:

P
L,=———. 11.62
Y7 area x 2 ( )

For small values of 6, o, the solid angle of the beam is £2 = 719112’0. This leads to

P
Ly=—7———. 11.63
Yol x 763, ( )
Taking into account the relation (11.60), we find that the radiance of a Gaussian
beam is equal to the power divided by (1/2)2.

Example P=1W; 1=0.5 pm; L,=1.6 x 108 Wm—2sr L.

Is it possible to realize a Gaussian wave? The answer is: a laser with appropriately
arranged spherical mirrors as resonator mirrors is able to produce a Gaussian wave.
We will begin the discussion of spherical-mirror resonators by treating a particular
spherical-mirror resonator, the symmetric confocal resonator.

11.4 Confocal Resonator

A confocal resonator consists of two spherical mirrors, which have the same focus.
We discuss the symmetric confocal resonator. It has two equal mirrors.

Two spherical mirrors arranged at a distance L=R form a (symmetric) confocal
resonator (Fig.11.4, left). We choose z=0 as the location of the center of one of
the mirrors. We will show that a Gaussian wave can fit to a confocal resonator. The
symmetry of the arrangement requires that the beam waist lies at zo = L /2. We choose
zr = L/2 and obtain, by using (11.49) and (11.50), the radius of curvature
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Fig. 11.4 Confocal resonator

2,4
k“wy

R = 5(1+7) (11.64)

and the beam radius (=mode radius) with respect to the field amplitude in the waist

wo = ﬂ (11.65)
2

With respect to the energy density, the mode radius in the beam waist is r, o =
Ninyres

The Gaussian mode within the resonator (Fig. 11.4, right) has the beam waist wy.
The beam radius on each of the mirrors is W()\/z. The distance between the center
of the resonator and a mirror is equal to the Rayleigh range. In the far-field range,
outside the resonator—with one of the spherical mirrors being a partial reflector—the
field has the divergence angle 6y=2A /(T wy).

The field in the resonator corresponds to a Gaussian standing wave, i.e., to two
Gaussian waves propagating in opposite directions,

E(z,r) = %A(z, r) elerme@ntol %A(z, r) ellerten=el, (11.66)

The field at the axis is equal to
E = A % e coslkz — ¢ (z) — o] cos wr. (11.67)
‘We obtain the resonance frequencies by the use of the resonance condition (2.80),
namely that the change of the phase of a field propagating in the resonator is, at a

round trip transit, a multiple of 277 (that is the resonator eigenvalue problem). The
Gouy phase shift per round trip transit is

AP = P(z2) — P(z21) + P(22) — P(z1) =2(¢(22) —d(z1)) =7 (11.68)
This leads to the condition

2kL — A¢p =2kL —m =1 x2m (11.69)


http://dx.doi.org/10.1007/978-3-319-50651-7_2

11.4 Confocal Resonator 209

1 2 3 { =
=
. | | |
1 2 3 > ok
848
(= =
€3
[l 8 E
0 2_‘:L+"Gw; 2‘;_|_+"Gouy 3~;—L + Vgouy
frequency v. ———»
Fig. 11.5 Resonance frequencies
or .
kL= (l—i—z)n; I=1,2,.. (11.70)
The resonance frequencies are (Fig. 11.5)
c 1 c
VIZZ l+§ =] x ﬁ + VGouy> (11.71)

where vgouy = c¢/4L is the Gouy frequency shift for the symmetric confocal res-
onator. In comparison with a Fabry—Perot interferometer of the same length, the res-
onance frequencies are shifted towards higher frequencies. However, the frequency
separation between adjacent modes is the same,

c

—. 11.72
L ( )

Vi1 — Vi =

The phase ¢y is determined by the choice of the origin (z=0) of the z axis. We
have chosen the position of one of the reflectors as z = 0. The boundary conditions,
namely that the field on the mirror (assumed to have a reflectivity near 1), has to be

zero, requires that
9o+ ¢0) =@y — /4 =3m/4 (11.73)

and therefore ¢y = /2. Thus, we obtain the field at the axis:
wo _2,,2 .
¥ = Ag— e /" sin[kz — ¢ (z)] cos wt. (11.74)
w

The energy density, averaged over both a temporal period and a spatial period, is

72

&o 2"’30 222 w0 22
— Ay — e " =pyg—=-e "/ (11.75)

0 2 2 ’
4 ry ry

u =
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Table 11.2 Beam waist and mode volume of confocal resonators of different lengths suitable for
radiation of wavelength A=0.6 um

L(m) ruo = /L3/4m Voo (m?)

0.1 69 pm 1.5x 1078
0.5 155 pm 3.5 x 1078
10 0.69 mm 1.5 x 1072

where ug = (g9 /4)A(2) is the energy density at r=0 at the beam waist (z=z).
The energy contained in a mode is given by
[o.¢] 2
/ 2rrdre™ /" = ugmrl L.
0

L o) L r2

/ dz/ u(r) x 2mwrdr =u0/ dz u’20

0 0 0 ry
(11.76)

What is the volume V of a (hypothetical) mode, which contains the same radi-
ation energy as the 00 mode, but with a constant energy density? We can write
Ug V00=u07rr§Y0L and interpret Vi as the mode volume. Thus, the mode volume of
the 00 mode of a confocal resonator is equal to

Voo = mrg oL (11.77)

The mode volume of the 00 mode of a confocal resonator is equal to the product of
the cross sectional area of the beam waist (with respect to the energy distribution)
and the length of the resonator. Table 11.2 shows values of beam waists and mode
volumes for radiation of a fixed wavelength.

The confocal resonator is suitable as resonator of, for instance, a helium—neon
laser or a free-electron laser.

e Helium—neon laser (A=633nm). The small gain of the active medium requires a
large length (typically 0.5m) of the resonator. The mechanism of the relaxation
of the excited neon atoms makes it necessary to use a tube with a small diameter;
the neon atoms relax by collisions with the walls (Sect. 14.3).

e Free-electron laser. A free-electron laser requires a resonator of a length of typ-
ically 10 m. The Gaussian wave in a confocal resonator has a large overlap with
an electron wave that propagates along the axis of the resonator (Sect. 19.1).

Other resonator configurations will be discussed in the next section.

11.5 Stability of a Field in a Resonator

There are a large number of different resonators. However, not all have stable modes.
We treat aresonator with two spherical mirrors (Fig. 11.6) that have different radii (R,
and R,) of curvature. A Gaussian mode, fitting to the resonator, can be determined
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Fig. 11.6 Resonators with
spherical mirrors R, Rz

by means of the conditions for the radii of curvature:

2
Rl = 2o (1 + i—f;) = —Ry(0), (11.78)
0
R—(L—z)(l+i) (11.79)
a 0 (L—2z02)" '

where 7 is the location of the beam waist; z=0 and z=L are the positions of the two
mirrors. From the two relations, we find

1-— L
o= L —8uUsl (11.80)
g1t8 —2818
1-— L?
2= (I —g182)8182 (11.81)

(g1 + 8 —28182)%
LA 1—

W=t Y glgz)glgz, (11.82)
T gi+8 —281%
LA

e (11.83)
wgiV1l—gg

where w; (i=1, 2) is the beam radius at the mirror 1 or 2, respectively, and where
g1 = 1—=L/Ry, (11.84)
& =1—-L/R, (11.85)

are the mirror parameters. The mode diameters w; are infinitely large if the product

2182 = 1. There is no real solution if g,g,(1 — g;g2) " is negative. This leads to the
stability criterion: a stable mode can be realized if

0 < g1, <L (11.86)

Fig. 11.7 shows the resonator stability diagram. Stable resonators have mirror para-
meters in the shadowed regions.
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Fig. 11.8 Types of resonators; confocal and semiconfocal (/eft); near-concentric and semiconcen-
tric (center); planar and near-planar (right)

There are limiting cases.

R| = R, = 00; g = g» = 1; plane parallel (=Fabry-Perot) resonator.
Ry + Ry, =2L; gy + g2 — g182 = 0; confocal resonator (general case).
Ry = Ry, = L; g1 = g, = 0; symmetric confocal resonator.

Ry + R, = L; g18» = 1; concentric resonator (general case).

R+ R, = L; g = go = —1; symmetric concentric resonator.

The different types of resonators (Fig. 11.8) have advantages and disadvantages.

e The confocal resonator. It has the lowest diffraction loss (Sect. 11.8). Correspond-
ing to the stability criterion, the confocal resonator is at the limit of stability. To
reach stability, the distance between the mirrors should be slightly smaller than
the radius of curvature of the mirrors. In comparison with other resonators, this
resonator can easily be adjusted.

e A semiconfocal resonator consists of a spherical mirror and a plane mirror at the
distance R/2, where R is the radius of curvature of the spherical mirror—the plane
mirror is located at the position of the beam waist of a corresponding confocal
resonator.

e The concentric resonator (=spherical resonator) has a beam waist of wy = 0 and
an infinitely large divergence. It is therefore not realizable.

e The near-concentric resonator has the smallest mode volume.
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e A semiconcentric resonator (=hemispheric resonator) consists of a spherical mir-
ror and a plane mirror at the distance R/4—the plane mirror is located at the
position of the beam waist of a corresponding confocal resonator.

e The plane parallel (=Fabry-Perot) resonator has, in comparison with all other
resonators, the largest mode volume. It is difficult to adjust.

e The near-planar resonator (=superconfocal resonator) has one or two mirrors
with a radius of curvature that is much larger than the length of the resonator. This
resonator has the advantage, in comparison with the plane parallel resonator, that
it is easier to adjust. In comparison with the confocal resonator, the near-planar
resonator has a larger mode volume at the same resonator length. In special cases,
larger laser output power is obtainable. The beam radius of a near-planar resonator,
with Rj=R,=R > L, is almost constant along the resonator axis,

w=wi=w=2L /R (11.87)
L A '

The change of the phase of a Gaussian wave propagating in a near-planar res-

onator during a single transit through a resonator is small, since ¢ (z=0) ~ ¢ (z9) ~

¢(z=L) ~ 0. This follows from the expression ¢ = tan! (z — z¢)/zx.

In the general case of a stable resonator, the change of the Gouy phase shift per round
trip transit is given by

Ap =2[p(L) — $(0)] =2 (tanl L 1_2 O _ tan! ‘_j") = 2cos” ' (£4/2122)-

R <R
(11.88)

We made use of the relations tan~' x + tan~' y = tan™" ([x + y][1 — xy]~") and
tan~! x=cos~'(1/+/1 + x2). (Note that the inverse trigonometric function

cos~! x = arccos x.) The condition

2kL — Ap =1 x2m, 1=1,2,.. (11.89)
leads to the resonance frequencies

c

1
v=5 [l +— cosl(i./_glgz)] , (11.90)

where the plus sign has to be chosen if g; and g, are positive while the minus sign
has to to be chosen if g; and g, are negative. Limiting cases are as follows:

e Fabry—Perot resonator. g1, g» — 1; cos™! \/g1g2 — 0.
e Confocal resonator; g1, g2 — 0; cos™! Jgig — /2.
e Concentric resonator; g1, g2 — —1; cos™! JEgi1g —> .

The frequency difference between adjacent modes is
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Vet — v = ¢/L). (11.91)

This is an important result: the Gouy phase shift of radiation propagating within a
resonator causes a shift of the resonance frequencies of the resonator toward higher
frequencies. The shift is the same for all resonance frequencies. But the frequency dis-
tance between neighboring resonances remains uninfluenced by the Gouy phase shift.

Figure 11.9 shows the frequencies of the modes of different resonators. The Gouy
frequency is zero for a Fabry-Perot resonator, ¢/4L for a symmetric confocal res-
onator, and ¢/2L for a symmetric concentric resonator.

11.6 Transverse Modes

We use the ansatz
fx,y,2) = X(x) Y(y) G(z) e @ HIF@, (11.92)

where X depends on x only, Y on y only, F and G on z only. Differentiation yields

P ((xr—F - 2 2 Y xyGe }F (11.93)
= _ — _ = € .
ox2 FUOF F?
af / — /F
—=|c +—(x +9) | XYe ", (11.94)
Z

with X’ = dX/dx, Y’ =dY/dy and G’ = dG/dz. The Helmholtz differential equa-
tion leads to
X" 4xX Y 4yY 4 G’ x2 + 2

R A 2ik— +2
X Fx'Y FY F G

(2 —ikF) =0. (11.95)
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We obtain again the condition that 2 — ik F'=0. With the same arguments used earlier,
we find again that F (z)=w(2) + 2/(ik)(z — zp). Furthermore, we obtain differential
equations for X and Y,

=0, (11.96)
— ==+ —==0, (11.97)

where m and n are dimensionless numbers. We introduce the dimensionless variable
¢ = x+/2/F. Then the differential equation for X becomes

d2x dx

— — 20— +2mX =0. (11.98)

de? d¢
This is Hermite’s differential equation. The solutions are the Hermite polynomi-
als H,(¢); Hy, is the Hermite polynomial of mth order. We list a few Hermite
polynomials.

m=0; Hy(¢) = 1.
m=1; H()=2¢.
m=2; Hy¢) =4¢%—2.
m=3; H3¢) =8¢ —12¢.

The Hermite function Hy is an even function with respect ¢, H is an odd function,
H, an even function and so on. The Hermite polynomials obey the recursion formula

Hy1(§) = 20Hu(8) —2mHy (7). (11.99)

The solutions of (11.96) and (11.97) are

2 2
X(x) = Hm(\/;x) and Y(y) = Hn(\/;y). (11.100)

We obtain from (11.95) by separation of the variables the differential equation

G 2i 1 1
G _2ildmtn  l4m+n (a1.100
G k F 72+ C
We write '
Gun(2) = |G (2)] €9, (11.102)

Separation in real and imaginary part leads to two differential equations for |G| and
¢. The solution for |G| is
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C
1G(@)| = |G ()] = 3W“’ (11.103)
where c
2
C3mn = (kwg/2) 1m0 (11.104)

and where C} is an integration constant, which is real. The solution for ¢ is
¢mn(2) = (1 +m +n) ¢(2). (11.105)

¢ (z) is the same as in the case m = n = 0. Thus, we have the solution

2 2 C mn —1 —
Vmn(X, ¥, 2) = Hy, (,/ = x) H, (,/ - y) ﬁ e itke=dmthr?/2R) (11 106)

The Gouy phase increases with increasing m and increasing n. Each number pair mn
corresponds to a mode of radiation in free space. We design the paraxial modes with
mn =00 (=fundamental Gaussian modes = Gaussian modes) as longitudinal modes
and the paraxial modes with mn##00 as transverse modes (=Hermite-Gaussian
modes = higher-order Gaussian modes).

Figure 11.10a shows the amplitudes of the fields of a few modes together with
field lines. The amplitudes of longitudinal and transverse modes have different spatial
distributions.

e 00 mode. The field amplitude ¢ has the largest value at the beam axis.

e 10mode. In x direction, the amplitude changes once the sign and has two extrema—
according to the Hermite polynomial H; (x). The field amplitude is zero at the beam
axis.

e 20 mode. In x direction, the amplitude changes twice the sign and has three
extrema.

The transverse modes mnl have the same beam diameter and the same radius of cur-
vature as the longitudinal mode 001. A transverse mnl mode has, along the z axis, the
same number of field maxima as the longitudinal 001 mode (compare with Fig. 11.1c
and d). Figure 11.10b shows different mode patterns as they can be observed for the
intensity distribution of laser radiation outside a laser resonator; special filters placed
in a laser resonator can select a particular mode at which a laser oscillates.

The phase shift per round trip transit of radiation in a mode mnl has to obey the
resonator eigenvalue condition

2kL — (1+m+n)A¢p =1 x 2m, (11.107)
where

Ad = ¢(z2) = ¢(21) + P (22) — d(z1) =2 (¢(22) — #(21)), (11.108)
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Fig.11.10 Longitudinal and transverse modes. a Amplitude distributions and field lines. b Intensity
distributions

$(z) = tan L0, (11.109)
ZR

and where z;=0 and z,=L. We obtain the resonance frequencies
c l+m+n _
Vimn = 5 [1 + ————cos ‘(i,/_glgz)} . (11.110)
The frequency separations between longitudinal and transverse modes depend on
the values of g; and g;. The frequency separation between two neighboring modes
mn(l + 1) and mnl is always ¢/(2L).
Figure 11.11 shows special cases that follow from (11.110).
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Fig. 11.11 Resonance frequencies of longitudinal (L) and transverse (T) modes

e The frequencies of the transverse modes mnl of a near-planar resonator lie near
the frequency of the longitudinal mode 00, at slightly larger frequencies.

e A confocal resonator has a transverse mode for which the sum m + n is an odd
number is degenerate with an / mode, as it follows from cos'0=m /2; a trans-
verse mode for which the sum m 4+ n is an even number has a frequency between
two frequencies of longitudinal modes.

e A near-concentric resonator has transverse modes mnl at frequencies slightly
smaller than the frequency of the 00(l-1) longitudinal modes, as it follows from
cos~I(—1) = 7.

‘We note that the solution (11.106) can also be written in a form,

/2 /2 C3.mn —ilkz— (2 +y?)/F)
I//mn(x’y’Z)ZHm( Fx)Hn( Fy)We ‘ ’

(11.111)
that contains the complex beam parameter F(z), which is the same as for a funda-
mental Gaussian wave.

In our study of Gaussian waves, we have made use of Cartesian coordinates.
The solution to the Helmholtz equation of paraxial waves provides the fundamental
Gaussian waves and the Hermite-Gaussian waves. The number pair mn describes
the variation of the sign of the amplitude along the x and the y axis. Solutions to the
Helmbholtz equation are Laguerre-Gaussian modes too. These are also characterized
by a number pair mn, however m now describes the variation of the sign of the
amplitude in radial direction and n the variation in azimuthal direction. The waves
are also TEM waves. The Laguerre-Gaussian modes are obtained by solving the
Helmbholtz equation written in cylinder coordinates. Depending on the experimental
arrangement of a laser, either type of higher-order Gaussian mode can be observed.
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11.7 The Gouy Phase

The field of a Gaussian wave is given by
wo 7r2/w2 2
E(z,r,t) = Ay — ¢ cos (wr — [k(z — z0) — ¢ + kr®/2R]).  (11.112)
w

Ay is the amplitude, wy the beam radius in the beam waist, z( the position of the
beam waist, w(z) the beam radius at the position z, k the wave vector of the radiation,
¢ the Gouy phase and kr?/2R(z) a phase in lateral direction that is zero on the beam
axis; we have chosen the phase ¢ so that the beam waist lies at zy. The beam
radius is

_ 2
w(z) = wo 1+M, (11.113)
<R
where
R = kw)/2 = Twi/A (11.114)

is the Rayleigh range. The Gouy phase (Fig. 11.12, upper part) is given by

$(z) = tan~' T2 (11.115)
ZR
The curvature of the wave front is
2
R(z) =z7—2z20+ —2—. (11.116)
Z—20

The derivative of the time-dependent portion ¢, of the phase yields the frequency,
dy;/dt = w. (11.117)
From the position-dependent portion of the phase,
0, = k(z —z20) — ¢, (11.118)
we obtain, by differentiation, the effective wave vector
ket = k — d¢/dz. (11.119)
The effective wavelength is

_ 27 _ A _ A
ke 1 —k-'d¢/dz 1 —x1/Qm)dp/dz’

(11.120)
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Fig. 11.12 Gaussian beam: Gouy phase; variation of the Gouy phase; spatial part (dashed) of the
phase and total phase (solid); effective wavelength; wavefronts

where A=2m/k is the wavelength of the radiation far outside the beam waist.
The effective wave vector and the effective wavelength depend on the position z.
The Gouy phase shows the strongest change in the Rayleigh range and the derivative

%_ 1/zr

e e (11.121)
dz 1+ (z—20)?/7%

has a maximum at the center of the beam waist. We consider a wave front, which
propagates through the beam waist from a far-field location z; to a far-field location
7o (Fig. 11.12, third panel). The phase far outside the beam waist, at z; — z9 < 0, is
given by

Py =k x (21 —z0) +7/2, (11.122)
and for the range far outside the beam waist at z, — zo > 0 by

Py =k X (22 —20) — /2. (11.123)
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The Gouy phase shift at a transit of radiation through the beam waist, from a far-
field location to a location in the other far-field is equal to —. In the range of the
beam waist, the effective wavelength (Fig. 11.12, lower panels) is larger than A. In
the center of the beam waist, the effective wavelength is equal to Aeis = A + A/ (4m).
The wave fronts have the largest distance in the center of the beam waist. The sum
of all differences A.r — A at a transit of radiation through the beam waist is equal to
AJ2.

We now discuss the Gouy phase shift of radiation in a resonator. The field of a
standing wave of an open resonator is

EGzrt) = Ay 2 e " coslk(z — 20) — b + kr2/2R]coswr.  (11.124)
w
The resonance condition requires that
2kL —Ap =1 x 27; 1=1,2,.., (11.125)

where [ is the order of resonance and A¢ the Gouy phase shift per round trip. At
resonance, the phase change 2k L per round trip transit is larger than 27 because of
the Gouy phase shift,

2kL =1 x 2w + A¢. (11.126)

It follows that the resonance frequencies are

c
v =1 X 3L + VGouy> (11.127)

where vgouy 1s the Gouy frequency,

Ap c

28 L 11.128
2 2L ( )

VGouy =
The resonance frequencies of an open resonator (Fig. 11.13) are multiples of ¢ /2L
but shifted toward higher frequencies by the Gouy frequency.

Figure 11.14 and Table 11.3 show values of Gouy frequencies of stable resonators.
The Gouy frequency is zero for a Fabry—Perot resonator and has the largest value

1 2 3 £ =

0 i+\' 2xi+v 3xi+v
CY B S, oo 2L cow

frequency v. —»

Fig. 11.13 Low-order resonance frequencies of an open resonator
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Fig. 11.14 Gouy frequency 9,
of a stable resonators
1= 0 plane parallel
"Gouy
|
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%
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Table 11.3 Gouy phase shift and Gouy frequency of resonators
Resonator A¢ VGouy
Fabry-Perot 0 0
Symmetric confocal b4 0.5¢/(2L)
Semiconfocal /2 0.25¢/(2L)
Symmetric concentric 2 c/(2L)

for a concentric resonator. The Gouy frequency of a symmetric confocal resonator
18 Vgouy = (1/2)c/2L.

Example The Gouy phase shift of a symmetric confocal resonator of alength of 0.5 m
is A¢ = m and the Gouy frequency is 0.5¢/(2L) =150MHz; for a semiconfocal
resonator of the same length, the Gouy phase shift is 77 /2 and the Gouy frequency is
75 MHz.

In 1891, Louis Gouy (Lyon, France) found that an electromagnetic wave changes
the phase by 7 if it propagates through a focus point—besides the phase change due
to spatial propagation [70-72]. Gouy studied an interference pattern of two beams
(arising from the same white light source), which were reflected from two plane
mirrors, and observed an additional phase shift when he replaced one of the mirrors
by a spherical mirror that produced a focus point in one of the beams; Gouy derived
the phase shift from an analysis of the focusing process by use of Huygens’ principle.
Various studies in the years shortly after 1900 confirmed the results (see [73]).

The Gouy phase shift has also been observed by means of coherent waves—
waves with well-defined amplitudes and phases. Experiments have been performed
with microwaves [74], near infrared radiation [75] and far infrared radiation [76]. We
describe the far infrared experiment (Fig. 11.15). The radiation consisted of single-
cycle terahertz radiation wave packet, generated with a small-area source. The radi-
ation was made parallel with a lens and focused with another lens to a small-area
detector. The detector monitored the time dependent amplitude and phase of the radi-
ation at the position of the detector. Alternatively, two additional lenses produced
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Fig. 11.15 Measurement of the Gouy phase shift

a focus point between source and detector. Signals were measured at different time
delays relative to the starting time of a pulse. The experiment showed that the phase
of a wave packet changed by = when the wave propagated through the focus; we will
describe the method of measuring phases and amplitudes of electromagnetic fields
in Sect. 13.5.

We can ask: is the group velocity of radiation traversing a beam waist smaller than
the speed of light? The answer is no: the change of phase by 7 causes a reversal of
the direction of the electric field of the wave. The group velocity remains therefore
unchanged.

11.8 Diffraction Loss

Up to now, we have neglected loss by diffraction at the resonator mirrors. The dif-
fraction loss depends on the resonator type. Figure 11.16 shows examples of the
diffraction loss & (=loss per round trip) for resonators of different Fresnel num-
bers (F).

e The diffraction loss of radiation in a confocal resonator is (for F > 0.5) much
smaller than the diffraction loss of radiation in a planar resonator.

e Longitudinal modes have a smaller diffraction loss than transverse modes.

e The diffraction loss decreases strongly with increasing Fresnel number.

The theory of Kirchhoff (1882) allows for determination of diffraction loss. We give
here a short sketch of the theory. We are looking for a solution of the wave equation
in the form of the Helmholtz equation,

V2 + K2y = 0. (11.129)

Originally, Kirchhoff formulated the theory assuming that a parallel light wave is
incident on an iris diaphragm (Fig. 11.17a). The boundary condition is the following:
in the open part of the iris, the field has the same value v as without iris. According to
Huygens’ principle, spherical waves are leaving from each point in the open part of
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Fig. 11.17 Diffraction. a Diffraction at an iris diaphragm. b Multiple diffraction at iris diaphragms
in series

the iris. The field amplitude at a point (x;, ¥,) is the sum of all partial waves arriving
from all points x;, y; in the open part of the iris. The summation yields

ik eiks
Y ys) = E/(Hcose)Twul,yl)dxldyl. (11.130)

The amplitude depends on the distance s between the iris and the point (x,, y,) and on
the angle 6 between the central axis and the direction between the iris and the point;
s is large compared to the diameter of the open part of the iris. The solution obeys
the Helmholtz equation. The factor i to the integral (11.130) implies the occurrence
of the Gouy phase shift.

Radiation in a resonator undergoes multiple reflection with diffraction, illustrated
in Fig. 11.17b for iris diaphragms in series. The calculation starts with an arbitrarily
assumed field distribution v (x1, x»), for instance, a constant distribution over one
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of the mirrors. A first integration provides the distribution at the second mirror—at
a single transit through the resonator. The numerical calculation of ¥, ; from ,,
where n is the number of passes through the resonator, leads to the following results.

e Stable resonator. After a field has performed a certain number of transits through
the resonator, the field obeys the relation

Ynp1(x, y) =0 ¥n(x, y), (11.131)

where 1 (< 1) is a number. The shape of the field distribution is reproduced, but
there is a loss at each reflection.
e Instable resonator. The distribution ¥ (x, y) does not stabilize.

We have seen that in the far field of a fundamental Gaussian wave the product of
the beam diameter and the angle of aperture is a constant,

4
T

Dy=2wy is the diameter of the field distribution at the beam waist. If diffraction at
the output coupling mirror or at another optical element in a laser resonator enhances
the angle of aperture, the beam diameter D can be larger than Dy and the angle 6
can be larger than 6. The product can be written as

D x 60 = M>Dyb,. (11.133)

The M factor is a measure of the quality of abeam. M = 1 corresponds to a Gaussian
beam.

11.9 Ray Optics

We characterize an optical ray (Fig. 11.18) at a the point z, r by the vector

.
r= (r> (11.134)

Fig. 11.18 Paraxial optical rt optical ray
beam

dr

dz

v

z optical axis z
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where r is the distance of the ray from the beam axis and r’ = dr/dz is the slope of
the ray. The slope of a paraxial ray is approximately equal to the angle between the
ray and the optical axis. Therefore, we can make use of the approximation dr/dz =
sina ~ «.

We describe the trajectory of an optical ray propagating from a location r; to a

location r; by
r2=(gg)r1, (11.135)

where (2 g) is the ray matrix (=ABCD matrix).

The propagation of an optical ray in an optical system with s optical elements in
series is described by the matrix product

A B — Ay By Ay By A1 By

We illustrate the method by various examples (Fig. 11.19).
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Fig. 11.19 Optical rays in different systems
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Fig. 11.20 Optical beam passing lenses in series (upper part) and periodicity interval (lower part)

H . A B = 1 0
o Snell’s law; (C D) - (0 nl/nz).

e Thin lens with a focus length f; (A B) = (_1 O).

CD 1
. . (ABY _ 1 0y _ (10 . .
e Spherical mirror; (C ) = (—2R1 1) = (fl 1). The radius has a posi-

tive sign (R > 0) for a concave mirror and a negative sign (R < 0) for a convex
mirror.

We derive, by the use of ray optics, the stability criterion for resonators. A spherical
mirror and a thin lens are equivalent optical elements. Accordingly, we can replace
a two-mirror resonator by a series of lenses with the focus lengths f1=R;/2 and
f>=R»/2 (Fig. 11.20). The periodicity interval of the series of lenses includes a half-
lens with the focus length 2 fj=R;, a lens with the focus length f, = R,/2 and
another half lens with the focus length 2 fi = R;. A round trip through the resonator
corresponds to the path through the periodicity interval in the lens system from r
to r,, where

1 0 1L 1 0 1L 1 0
ry = (_(2f1)—1 1) (O 1) (_f22 1) (0 1)(_(2f1)_1 1)"1. (11.137)

We obtain, with the mirror parameters gy =1 —L/R; and g, =1 — L/R,, the

ABCD matrix
2g1g2 —1 2g2L
ry, = _ ri. 11.138
: (—281(8182 — DL 2g1g5—1)"! ( )

We are looking for rays that remain unchanged after the propagation through a
periodicity interval. A stable trajectory requires that

AB
(CD)rlznrl (11139)
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and |n| = 1. The eigenvalue equation

A—n B ry
( c D—ﬁ)("i)_o (11.140)

A—n B
C D-—n

leads to
=0, (11.141)

n”* —22g182— Dn+1=0, (11.142)

Mab =28182 — 1 £/ (28182 — D? — L. (11.143)

There are two possibilities.

e 1, and 1, are real if g;g, > 1. This corresponds to instable resonators because,
after N round trip transits through the resonator and N — oo, the vector

Yy _ N[
()= (2) (L
diverges.

e 1, and 7, are imaginary if g;g, < 1. This is the stability criterion. We obtain
Nab = €xp(£¢), where cos ¢ = 2g1g» — 1. After N round trip transits, the vectors

(:N) < Iaple™ (:1) (11.145)
N 1

remain stable because |n,| = |n,| < 1. In our derivation of the stability criterion,
we did not specify the values of r; and r{. Thus, the result is valid for all paraxial
rays.

It is possible to describe the propagation of a Gaussian beam through an optical
system by the use of the ABCD matrix of the optical system. We have found, see
(11.41) and (11.42), that a Gaussian beam can be characterized by the complex beam
parameter g (z). We now make use of this complex beam parameter: if the complex
beam parameter ¢, (z1) is known, then g;(z,) follows from the relation

Ad, + B
G = AntB (11.146)
Cq+D
o 1 C+D/§ 1 i
1 _¢c+Dbja - (11.147)
¢ A+B/q1  R(z2) 7w (2)

We mention two examples.
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Fig. 11.21 Focusing of a

. f
Gaussian beam by a lens 2r = )
l
=> D =>
B Pl N

Example propagation of a Gaussian beam from the location zy (beam waist) to a
location z. The elements of the ABCD matrix for propagation in free space are A = 1,
B =7 — 735, C=0, and D=1. At the beam waist, we have R(zg) = 00, w(zp) =wy,
and 1/¢, = —i)»/nw%. It follows, for z = z,, that

. 2y—1 :
i) _ (11.148)
1 —ir(@wd) ' z—20) R@ 7w(2)

Equating real and imaginary parts leads to expressions for w(z) and R(z) that we
derived (in Sect. 11.3) by the use of the Helmholtz equations; see (11.24) and (11.25).
The agreement may be seen as a justification of the relation (11.146).

Example focusing a Gaussian beam by a thin lens (Fig.11.21). A thin lens is
located in the beam waist of a Gaussian beam. The ABCD matrix describing propa-
gation through a thin lens at zy and then over a distance z — zg is

_ _ _ —1
(1) (7)) -(75975)

We find, with 1/§; = —i/zr = —iA/(7w?) and

I |
M — = L (11.150)

1—(@z—z2)f ' —iz—z00zg  RG@) 7w (@)

the values
_ f-1 _ -2 -2

L o +Ge-2( " +x )72’ (11.151)

R(@)  1—(z—20)%f24 (z —20)%z3

—1

* °R (11.152)

aw2(2) - (= —202f 2+ (z—z20)225°

At the focus point of the lens, z = zy, the curvature R(zy) is infinitely large. It follows
that

i —20= (11.153)

1+ f2z3°
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or, for f < zg, that zz — zo & f. The radius of the beam in the focus of the lens is

A
Wf:_f. (11.154)
TTWo
With respect to the energy distribution, the beam radius is 7, = wr/+/2 and the
angle of divergence is @, = wo/(f «/5). The radiance in the focus of the lens,

P
L,=———-, 11.155
772’3,f93,f ( )

is the same as in the incident Gaussian beam, namely P /(% /2)? inunits of Wm 2 sr™!.
When a Gaussian beam traverses more than one optical element and all optical
elements in the beam produce ideal images (without optical aberration and without
diffraction), the radiance is the same at any location along the beam.

The diameter of the wave (with respect to the energy density) is

A
==L (11.156)
T Wo

A lens of focal length f = wwy focuses the radiation of a Gaussian beam to an area
with a diameter that is about equal to the wavelength of the radiation. If we choose
a lens of diameter D = 2wy, the diameter of the focused beam is equal to

2
Qs = LT RN (11.157)
T oD D

The beam diameter is A, i.e., 2r, ¢ = A, if the f~number of the focusing lensis f/D =
/2 ~ 1.6. It follows that a lens with an f-number of 1.6 can focus a Gaussian beam
to an area 7 (1/2)*> &~ A%. The light intensity in the focus is

p

Ifzp, (11.158)
where P is the power of the radiation.
We mention another radiometric quantity, the brilliance of a beam:
. (11.159)
AV '

The brilliance of an optical beam is equal to the photon flux r, (number of photons
per second and m?) divided by the solid angle of the beam and by the bandwidth
of the radiation. For a detailed discussion of radiometric (physical) quantities and
photometric quantities (how the human eye records radiation), see [29].

References [1-4, 6-11, 26, 29, 40, 64-76].
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Problems

11.1 Gaussian wave.

(a) Determine the energy that is contained in a sheet (perpendicular to the beam
axis) of thickness 6z at the position z.

(b) Calculate the portion of power of radiation passing an area that has the beam
radius ry 9 = ro.

(c) Evaluate the radius 7, of the area passed by radiation of a portion p of the total
power of the Gaussian wave.

(d) Evaluate ry, if p = 95%.

(e) Evaluate rp, if p =99%.

(f) Determine the power of the radiation that passes an area of radius r, < ry.

11.2 Determine the minimum diameter of the tube of a helium—neon laser (A,
=633 nm) that is necessary to keep, per round trip, 99% of the radiation within a
confocal resonator (L =0.5 m).

11.3 Angle of divergence. Determine the angle of divergence of a Gaussian beam
generated by a helium—neon laser (resonator length 0.5 m; radius of the energy density
distribution at the beam waist r, ¢=0.16 mm; wavelength 633 nm).

11.4 Photon density in a Gaussian wave. An argon ion laser (length 1 m; radius of
the beam waist 1 cm; wavelength 480 nm; power 1 Watt) emits a Gaussian wave. By
the use of a telescope, the angle of aperture diminishes by a factor of 10. Estimate the
number of photons arriving each second at a detector of 2cm diameter at different
distances between laser and detector.

(a) 100km.
(b) 374,000km (distance earth-moon).

11.5 ABCD matrix. Determine the effective focal length of an arrangement of two
thin lenses (focal lengths f} and f5) in contact.

11.6 Transversality of the radiation of a Gaussian wave. If a polarizer is located
in a parallel beam of polarized radiation, the amplitude of the field transmitted by the
polarizeris A = Agcos 6, where 6 is the angle between the direction of polarization
of the incident wave and the direction of the radiation for which the polarizer is
transparent. (We assume that the transmissivity of the polarizer is 1 for 6 = 0.)
Determine the loss of power of a Gaussian wave passing a polarizer (that is assumed
to be thin compared to the Rayleigh range z( if the polarizer is located at different
positions.

(a) In the beam waist at z.
(b) Atz = z0/2.

(c) Atz =zo.

(d) Atz > zo.
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(e) Estimate the contribution of the polarizer to the V factor of a confocal laser
resonator of 1 m length if the polarizer has a thickness of 1cm and is located in
the center of the resonator.

11.7 Hermite-Gaussian wave. Given is a 101 Hermite—Gaussian wave.

(a) Determine the radius of the wave at the beam waist and the angles of divergence
in the far-field.
(b) Compare the results with corresponding values of a 001 Gaussian wave.

11.8 Calculate the Gouy phase of a Gaussian wave (A=0.6 wm; wy = 1 mm) for
propagation from the center of the beam waist over a distance of one wavelength;
1mm; 1cm; and 1 m.

11.9 Calculate the Gouy phase per round trip transit through a resonator of a
Gaussian wave (A=0.6 jLm).

(a) If the resonator is a near-planar resonator with two mirrors (radius of curvature
R| = R, = 7m; resonator length = 1 m).

(b) If the resonator is a near-confocal resonator (radius of curvature Ry = R, =
1.10 m; resonator length = 1 m).

11.10 Show that a concentric resonator is not realizable. [Hint: consider the beam
waist and the angle of divergence.]

11.11 Show that (11.44) is a solution of the Helmholtz equation.

11.12 Derive ray matrices for different optical arrangements.

(a) Reflection of radiation at a plane surface of a dielectric medium.
(b) Propagation of radiation through a thin lens.
(c) Focusing of radiation by a spherical mirror. [Hint: for solutions, see Sect. 11.9.]

11.13 Show that the intensity of radiation in a Gaussian beam averaged over an
optical period is I = c € A27rw%/2 and that

2P

—2r2 /w2 (z)
e , 11.160
TW2(z) ( )

I(z,r) =

where P = 2x f I (z, r)rdr is the power of the radiation.

11.14 Estimate radiance and brilliance of radiation of a helium-neon laser (power
10 mW; angle of divergence 1 mrad; beam waist in the laser 0.5 mmm; bandwidth
1 kHz) and compare the values with those of a light bulb (electric power 10 W).

11.15 Heisenberg uncertainty principle

Show that a photon in a Gaussian beam obeys the Heisenberg uncertainty relation
AyAp, > h, where Ay is the uncertainty of the position y and Ap, the uncertainty
of the momentum py of the photon. [Hint: Show that the full width at half maximum
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of the lateral energy density in the waist is equal to D = +/21n2 wy and that the
full angle of divergence, related to the full width at half maximum of the lateral
energy density in the far-field, is equal to ¥ = (/2 In 2/)A/wy. It follows that the
product is DY = (2 In 2/m)A. Now, determine the wave vector spread, according to
U = Aky/ k. It follows, with Ay = D and Apy = hAk, that AyAp, = (41n2) A.

11.16 Gaussian beam in a medium.
Show that a Gaussian beam in a medium with the refractive index n (> 1) has a
smaller divergence than in free space if the beam radius in the waist is the same.

11.17 Confined Gaussian beam.

A medium with a radial dependence of the refractive index of the form n(r) = ng —
a r?, witha > 0,is able to guide a wave without divergence. Show that the Helmholtz
equation has the solution ¥ (z, r) = ¥ exp (—rz/wf +iA z/wlz),where the beam
radius w is given by wi = A/(w V/2a) and where A is the vacuum wavelength.
[Hint: make use of (11.4) and (11.13), with the relation k = n w/c.]



Chapter 12
Different Ways of Operating a Laser

In this chapter, we describe techniques used to operate lasers as continuous wave
lasers or as pulsed lasers—in the next chapter we will treat femtosecond lasers.

We discuss single mode lasers. We mention spectral hole burning, occurring in
lasers that operate with inhomogeneously broadened transitions. We give a short
introduction to various methods of Q-switching of lasers used to generate laser pulses.

Furthermore, we describe two applications of continuous wave lasers—optical
tweezers and gravitational wave detector.

12.1 Possibilities of Operating a Laser

Lasers can operate as continuous wave lasers, as pulsed lasers, or as femtosecond
lasers. Lasers operated in different ways at different wavelengths have various appli-
cations in physics, chemistry [77, 78], biology, and medicine [79-82, 127-129, 332].
An early application was the holography [83, 84].

There are continuous wave lasers and different types of pulsed lasers:

e The cw (continuous wave) laser. Continuous pumping maintains the laser oscilla-
tion.

e Pulsed laser. A pump pulse generates a population inversion. Or more general:
each laser that delivers pulses is a pulsed laser.

o (O-switched laser. In the Q-switched laser, the quality factor Q of the laser resonator
varies with time. The Q factor is small for most of the time and large for a short
time. During the time of small Q, population in the upper laser level is collected.
During the time of large Q, laser oscillation occurs and the population of the upper
laser level is strongly reduced.

© Springer International Publishing AG 2017 235
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e Giant pulse laser. This is a Q-switched laser with an upper laser level that has a
very long lifetime (for instance 1ms); pumping leads to a large concentration of
atoms in the upper laser level.

e Femtosecond laser (Chap. 13). The pumping is continuous. For most of the time,
the Q factor of the resonator is small but it is large during short time intervals that
follow each other periodically. The laser emits a coherent pulse train.

12.2 Operation of a Laser on Longitudinal Modes

A mode diaphragm eliminates transverse modes. The transverse modes suffer
stronger diffraction than longitudinal modes and cannot reach the threshold condi-
tion. This mode selection makes it possible to operate a laser on longitudinal modes,
001, 00(141), . ...

There are different possibilities of the operation of a laser on longitudinal modes:

e Single line laser, operated on a few neighboring longitudinal modes at frequencies
in a narrow frequency range.

e Single mode laser, operated on a single longitudinal mode.

e Mode-locked laser, operated on a large number of longitudinal modes with fre-
quencies in a large frequency range—the phases of the electromagnetic fields of
different longitudinal modes are coupled (locked) to each other (Chap. 13).

12.3 Single Mode Laser

Many lasers (e.g., the helium—neon laser) have narrow gain profiles, but oscillate
on a few modes (Fig. 12.1). By inserting an etalon (a plane parallel plate) into
the resonator, selection of a single mode is possible. An etalon represents a low-Q
resonator of the resonance wavelength

2nd
Ay = —— cos 6, (12.1)
s

where n is the refractive index, d the thickness of the etalon, and 6 the angle between
the laser beam within the etalon and the normal to the etalon; s (an integer) is the
order of resonance. Rotation of the etalon changes the angle 6 and the resonance
wavelength A;.

Example Without an etalon in the resonator, a helium—neon laser oscillates on about
three modes at once (Fig. 12.1, lower part) but with an etalon on a single mode.


http://dx.doi.org/10.1007/978-3-319-50651-7_13
http://dx.doi.org/10.1007/978-3-319-50651-7_13
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| — ;.’““; etalon |
A § e

without

with etalon

Fig. 12.1 Mode selection with an etalon; arrangement and result for a helium-neon laser (A =
633 nm, v = 474 THz)

12.4 Tunable Laser

A laser with a broadband gain profile oscillates on a single line if the laser resonator
contains an appropriate wavelength selective element. We mention three wavelength
selective elements suited to force a laser with a broad gain profile to emit a single
line.

e Prism (Fig. 12.2a). A prism in the resonator selects the laser wavelength. The
laser is tunable; rotation of the prism changes the wavelength. With an etalon
additionally inserted into the resonator, a laser is able to oscillate on a single
mode.

e Echelette grating (Fig. 12.2b). An echelette grating acts as one of the two reflectors
of a laser resonator. In the Littrow arrangement, radiation that is incident on the
echelette grating is diffracted in first order. The diffracted beam has the reverse
direction relative to the incident beam. A rotation of the grating changes the wave-
length of the backward diffracted radiation and thus the laser wavelength. A mirror
telescope extends the diameter of the beam in order to obtain a higher resolving
power and, furthermore, to reduce the field strength at the surface of the echelette
grating thus avoiding damage of the grating. With an etalon that is additionally
inserted into the resonator, a laser is able to oscillate on a single mode.

e Birefringent filter (Fig. 12.2c). The frequency selective element is a birefringent
plate (e.g., a crystal of KDP = potassium dihydrogen phosphate) located between
two polarizers in the laser resonator. The optic axis of the birefringent plate is
oriented along the surface of the plate. The birefringent plate splits a beam of
polarized radiation, incident under the Brewster angle, into an ordinary and an
extraordinary beam. Behind the plate, the radiation has elliptical polarization and
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Fig. 12.2 Tunable laser. a Line selection with a prism. b Line selection with a grating. ¢ Line
selection with a birefringent filter

the second polarizer causes loss. There is no loss if the change of the phase between
the ordinary and extraordinary beam is a multiple of m,

2
T(”e —no)l, =s xm, (12.2)

where n. is the refractive index of the extraordinary beam, n, the refractive index
of the ordinary beam, [, the length of the plate along the beam direction, and s is an
integer. By rotating the plate while keeping the angle of incidence at the Brewster
angle, the direction of the optic axis relative to the direction of the electric field vector
(E) changes, leading to changes of n. and of A.

12.5 Spectral Hole Burning in Lasers Using
Inhomogeneously Broadened Transitions

The oscillation behavior of a continuous wave laser depends on the type of line
broadening.

A cw laser based on a homogeneously broadened line oscillates at the frequency of
maximum gain (Fig. 12.3). When the population inversion begins, laser oscillation at
the line center—where the gain coefficient « has its maximum—builds up. The onset
of laser oscillation leads to a reduction of the population difference, from (N, — Nj)o
to (N, — N))g for frequencies at the line center. Accordingly, the gain coefficient
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o
Uy

homogeneous

Fig. 12.3 Continuous wave laser based on a homogeneously broadened transition (upper part) or
an inhomogeneously broadened transition (lower part)

changes from the small-signal gain coefficient to the threshold gain coefficient oy, for
frequencies at the line center. Then the population difference and the gain coefficient
are not sufficient for laser oscillation at frequencies in the wings of the line.
Examples of continuous wave lasers based on transitions with homogeneous line
broadening: Nd: YAG laser; titanium—sapphire laser.

If laser oscillation is based on an inhomogeneously broadened line, a cw laser can
oscillate on all modes that reach the threshold gain. Laser oscillation on one mode
does not directly influence the population of two-level atomic systems that contribute
to oscillation on other modes.

Examples of lasers based on transitions with inhomogeneous broadening: helium-
neon laser; cw CO, laser.

The gain curve «(v) of a laser operated with an inhomogeneous broadened line
shows ‘holes” (see Fig. 12.3)—the effect is a manifestation of spectral hole burning.
Irradiation of a medium with laser radiation can lead to a hole in the absorption
spectrum of a medium. (Generation of a spectral hole in a medium by using a pulsed
laser and the probing of the spectrum with cw radiation or with probe pulses allows
for the measurement of the lifetime of a spectral hole; different methods of spectral
hole burning are widely used in physics and chemistry for studying spectral properties
of various media.)

12.6 Q-Switched Lasers

We discuss a few methods of Q-switching.

e Mechanical Q-switching (Fig. 12.4a). The reflector of the laser resonator rotates
(for example with an angular frequency of 100 turns per second). The resonator
has a high Q factor only during a short time in which the rotating mirror is oriented
parallel to the output coupling mirror. During the time of a low Q factor, the upper
laser level is populated and during the time of large Q, it is depopulated.



240 12 Different Ways of Operating a Laser
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Fig. 12.4 Q-switching. a Mechanical and b electro-optic Q-switching

Example Generation of pulses (duration 100 ns) with a Q-switched CO, laser.

e Electro-optic Q-switch making use of the Pockels effect (Fig. 12.4b). A Pockels
cell switches the Q factor of the laser resonator from a low to a high value. An
optically isotropic crystal becomes birefringent when a static voltage (U) across
the crystal is applied and produces a static field E; in the crystal. Then the refractive
indices for a light field E are different for the polarization directions parallel and
perpendicular to the static field. The difference of the refractive indices is given by

n(E||Ey) —n(ELE;) =aU, (12.3)

where a is a material constant. A Pockels cell with applied voltage rotates the
polarization direction of the light after two transits through the cell by 7/2. A
polarizer blocks the radiation. When the voltage is quickly turned off, the crystal
is no longer blocking the radiation—a laser pulse builds up in the resonator. The
Pockels effect is large for KDP (for a specific crystal orientation). A voltage of
about 25kV is necessary for Q-switching with a crystal of Smm height and 5 cm
length.

e Electro-optic Q-switch making use of the Kerr effect. In a Kerr cell, an isotropic
medium becomes birefringent under the action of a static field. The difference
between the refractive indices of the ordinary and the extraordinary beam varies
quadratically with the voltage,

n(E||E,) —n(ELE,) = b U (12.4)

A static field orients the molecules in a Kerr cell giving rise to birefringence. The
effect is especially large for liquid nitrobenzene (C¢HsNO,). A voltage of about
10 kV is necessary at a cell size of 1 cm height and 1 cm length.

e Q-switching with a saturable absorber (Fig. 12.5a). As an example of Q-switching
with a saturable absorber, we discuss Q-switching with a dye solved in aliquid. The
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Fig. 12.5 Q-switching with (a) (¢) z

a saturable absorber. i

a Saturation process for dye 5, =k i

molecules. b Arrangement.
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ground state of a dye molecule is a singlet state (Sp). The two lowest excited states
are asingletstate (S) and atriplet state (T), ata smaller energy. By transitions Sg —
S, laser radiation is absorbed and by nonradiative transitions S; — T, molecules
are transferred into the triplet state. A triplet state has a long lifetime (0.1-1 v s);
the decay of a triplet state occurs mainly via nonradiative transitions. A Q-switched
laser based on a saturable absorber (Fig. 12.5b) is continuously pumped. At the start
of the pumping, a laser field begins to build up. The buildup of a laser field occurs
slowly because of absorption of radiation by the dye molecules. The absorption
saturates the dye molecules, then almost all dye molecules are in the triplet state
and the dye cell becomes transparent giving rise to generation of a strong laser
pulse (Fig. 12.5¢). During the buildup of a pulse, the population of the upper laser
level becomes reduced to a low value. Due to relaxation of the dye molecules to
their ground state, absorption sets in and the Q value becomes small. The buildup
of a laser field begins again. Pumping is possible with radiation of another laser.

We will later (in Sect. 13.2) discuss other methods of Q-switching. Dye molecules

are discussed in more detail in Sect. 16.1.

12.7 Longitudinal and Transverse Pumping

An active medium can be obtained by longitudinal or transverse pumping.

e Examples of longitudinal pumping: pumping with a gas discharge, with the elec-
tric field being parallel to the laser beam (Chap. 14); optical pumping with laser
radiation whose propagation direction is along the laser beam (Sect. 5.2).

e Examples of transverse pumping: pumping with a gas discharge, with the elec-
tric field, which drives the discharge, oriented perpendicular to the laser beam
(Sect. 14.8); optical pumping with a gas discharge lamp.


http://dx.doi.org/10.1007/978-3-319-50651-7_13
http://dx.doi.org/10.1007/978-3-319-50651-7_16
http://dx.doi.org/10.1007/978-3-319-50651-7_14
http://dx.doi.org/10.1007/978-3-319-50651-7_5
http://dx.doi.org/10.1007/978-3-319-50651-7_14
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12.8 An Application of CW Lasers: The Optical Tweezers

The optical tweezers are suitable for optical trapping of single biomolecules solved
or suspended in a liquid. The optical tweezers have many applications especially in
biology and chemistry.

e Biology. Spectroscopy of trapped single molecules (e.g., red blood cells); study of
properties of DNA; sorting of cells.
e Chemistry. Spectroscopy of trapped single organic macromolecules.

Figure 12.6a illustrates the principle of the optical tweezers. A glass pearl (diam-
eter 1-10 wm), which is transparent for light, is trapped in the focus of a laser beam.
The beam (power ~ 1 mW) is strongly focused. When the glass pearl has a position
below the focus, the pearl acts as a lens and the light leaves the pearl at an angle of
aperture that is smaller than the angle under which it enters the pearl. Accordingly,
the light gains momentum in the direction of the light beam, namely downward, and
therefore the pearl gains momentum toward the focus.When the pearl has a position
above the focus, it acts as a diverging lens and the force on the pearl is downward.
The light leaves the pearl under the same angular distribution as it enters the pearl
and there is no momentum transfer. When the glass pearl is located at the height of
the focus but shifted to the left, the light beam is deflected to the left and the pearl
moves toward the focus. Finally, when the pearl is on the right side of the focus,
there is a force toward the left. Thus, the stable location of the pearl is the focus of
the lens.

‘(rﬂ) v ¥ v 4\ &

(b)

laser

Fig. 12.6 Optical tweezers. a Trapping of a glass pearl in a focused laser beam. b Arrangement
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An optical tweezers system can be realized as a modified microscope (Fig. 12.6b).
The object lens produces a strongly focused beam of laser radiation. A camera mon-
itors reflected radiation. The optical tweezers are able to trap a macromolecule in a
solvent. Investigation of a trapped molecule is possible by using spectroscopic tech-
niques, e.g., by studying fluorescence radiation. Applications in biology are described
in [79].

12.9 Another Application: Gravitational Wave Detector

An extraordinary ambitious project concerns the goal to detect gravitational waves
(see, for instance, [85]). The collapse of a big star generates (according to the general
theory of gravitation) a gravitational wave, propagating with the speed of light. The
wavelength of a gravitational wave is of the order of the extension of the collapsing
star. A gravitational wave is expected to compress the space in a direction perpen-
dicular to the propagation direction and to dilate the space in the other direction
perpendicular to the propagation direction. At present, gravitational wave detectors
based on the Michelson interferometer are built and tested at many places.

The center of the gravitational wave detector (Fig. 12.7) is a Michelson interfer-
ometer with a laser light source. The Michelson interferometer has two arms arranged
perpendicular to each other. A beam splitter divides the laser beam into two beams.
A gravitational wave pulse traversing the Michelson interferometer is expected to
shorten one arm and to lengthen the other arm. Estimates of the effect suggest that the
path length difference may only be of the order of 107> m for L; = L, = 1 km. The
experiment requires an extremely high stability of the laser and of the arrangement
and, furthermore, an extremely high sensitivity of detection. To have a chance to
observe a signal, the arms have to be very long (of the order of 1 km or much longer).
Making use of satellites, very large arms are realizable. The arms have slightly dif-
ferent lengths (L} — L, = X /4, where A is the wavelength of the laser radiation) in
order to have a high sensitivity of detection.

In 2016, observation of a gravitational wave has been reported [311].

References [1-4, 6, 77-85, 127-129, 310, 311].
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Problems

12.1 Resonance condition for a planparallel plate. Derive the resonance condition

(12.1) for a planparallel plate. [Hint: Determine the difference of the optical path of a
beam directly reflected at the surface of the plate and a beam reflected at the backside
of the plate.]

12.2 Michelson interferometer. A Michelson interferometer operates with a par-
allel laser beam (wavelength & = 580 nm; P, = power of the laser radiation).

(a) Calculate the intensity 7 (x) at the detector for a length difference x when one
arm has the length L and the other arm the length L + x.

(b) Determine the path difference éx for values of x in the interval xo < x < xo + A
for xo = 1 km that leads to the largest signal-to-noise ratio for the signal.

(c) Estimate the change of the signal if one of the arms changes its lengthby L /L =
10~1 and the other arm by §L/L = —10~". [Hint: The beam splitter in the
Michelson interferometer splits an incident electromagnetic field into two fields.]

12.3 Itis possible to reduce suddenly the reflectivity of the output mirror of a laser.
Show, qualitatively, that this “cavity dumping” results in a much stronger laser pulse
than without cavity dumping.



Chapter 13
Femtosecond Laser

Mode locking allows a laser with a broad gain bandwidth to generate femtosecond
pulses. A mode-locked laser oscillates at the same time on a large number of modes.
The fields of all modes are phase-locked to each other.

We describe the principle of mode locking, techniques of mode locking, and
a method of determination of the duration of femtosecond pulses. We explain the
pump-probe method, which is suited to take ultrashort snapshots during dynamical
processes in an atomic system. Additionally, we study the onset of oscillation of a
femtosecond laser.

The femtosecond laser is the basis of a great variety of new areas of research
and applications. We discuss: femto-chemistry; optical frequency analyzer; tera-
hertz time domain spectrometer; and attosecond pulses—that is an area of nonlinear
optics with very strong optical fields. Other applications concern surgery and material
processing.

An optical frequency analyzer makes use of an optical frequency comb.
A titanium—sapphire laser generates a frequency comb with a frequency distribution
that extends over about an octave. We show in this chapter that the exact position of
the frequencies of a frequency comb generated with a femtosecond laser are deter-
mined by: the optical length of the resonator; the Gouy phase shift; dispersion of the
active medium; and dispersion of the optical elements. Making use of methods of
nonlinear optics, the distribution can be broadened—a frequency comb can consist of
fields at equally spaced frequencies corresponding to radiation from the near infrared
to the near ultraviolet. The position of the frequencies generated by a particular laser
can be determined with a very high accuracy (Sect.35.7).

We will introduce (Sect. 13.1) the mode locking without taking account of Gouy
phase shift and dispersion. In Sect. 13.4, we will discuss the role of the Gouy phase
shift and of dispersion.
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13.1 Mode Locking

The secret of the femtosecond laser is the mode locking: the laser oscillates at the
same time on a large number of longitudinal modes—with equal frequency separation
between next-near modes—and all oscillations have fixed phases relative to each
other.

We choose an active medium with a broad gain coefficient profile (Fig. 13.1a)
that has a Gaussian shape. The spectral profile F2(w) for a particular femtosecond
laser depends on parameters of the laser. For a first treatment of a femtosecond laser,
we assume that the profile has a rectangular shape and that the width is equal to the
gain bandwidth (Fig. 13.1b). Accordingly, the amplitude A of the field components
is constant within the frequency range wy — Awg/2, wg + Aw, /2 and zero outside
this range. The frequency distribution represents an optical frequency comb: the
frequency distribution consists of equally spaced peaks. The frequency separation
between next-near peaks is equal to

2 = 2n/T =2nc/2L =nc/L, (13.1)
where T = 2L /c is the round trip transit time. The number of modes with frequencies

in the gain bandwidth Aw, is
N = Awy/2. (13.2)
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Fig. 13.1 Mode locking. a Gain coefficient profile. b Spectral intensity profile with a rectangular
shape. ¢ Spectral intensity profile with a Gaussian shape
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The instantaneous electric field at a fixed location z in the laser resonator is given by

N-1
E(t) — Azei[(wl-&-sﬂ)tﬂ&]’ (13.3)
s=0

where @, is the phase of the mode s and w; = s w is the lowest frequency of the
oscillating modes; s is an integer. Without mode coupling, the fields of the different
modes have different phases (which fluctuate with time). Therefore, the field fluctu-
ates very strongly. The laser emits laser radiation in a broad frequency band (Awy);
the radiation propagates along the resonator axis. The average intensity of the laser
radiation is

1
Lincon = ECSONAZ; (13.4)

A is the amplitude of the field components.
Mode locking forces the fields to oscillate in phase,

os() = o5 = ¢. (13.5)
‘We choose the timescale so that

A round trip transit changes the phase of the fields at fixed z by 2n (Fig. 13.2). The
field at a fixed location z in the resonator is given by

N—1 N—1
E — A Z ei(a)|+s9)t - A Z eiSQtei(mt. (137)
5s=0 s=0
This is a geometric series. With r = e'?/, we have

5 ) ]—}"N~ 1_eiNQt )
E=Al+r+r+. .+ e =4 ——" = A —— ",
1—r 1 — el

(13.8)
Fig. 13.2 Field of different N e T s e T U P T Y
modes and total field at a Pa WaPe e Paraval
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We introduce the carrier frequency w.. The carrier frequency is a multiple of the
round trip transit frequency (see Fig.13.1c) and lies in the vicinity of the center
frequency w,. We can write

The carrier frequency is given by
wc=w;+(N/2—-1/2) 2 (13.10)
if N is an odd number and by
w. =w; + (N/2) 2 (13.11)

if N is an even number. The carrier frequency is a multiple of the frequency separation
between next-near peaks,
w. =1 x §2, (13.12)

where /. is an integer. The femtosecond pulse train does not change if we add another
integer to /. (or subtract another integer from /.) as long as this number is small
compared to /.

The real part of the field is
. sin(A N Q1)
E =Re[E] = A —— 7= COS . (13.13)
sin(5£21)
We write
E = A(t)coswt, (13.14)
where
sin(3 N £21)
Alt) = A ———— (13.15)
sin(35£21)

is a time-dependent amplitude. The amplitude has the form sin(Nx)/ sin x, where
x = %.Qt. The electric field consists of a series of wave packets with the pulse

repetition rate
2 c

= = . 13.16
21 2L ( )

fr

The carrier frequency v, =w. /27 is a multiple of ¢/2L, i.e., of the pulse repetition
rate.
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Fig. 13.4 Femtosecond pulse train on the timescale (at a fixed location) and in space (at a
fixed time)

The amplitude of the field (Fig. 13.3) shows main maxima and side maxima.

e Main maxima occur for £2¢/2 = s x . Main maxima appear at the times
t =sT with s =0,1,2,.... (13.17)

The temporal distance between next-near pulses is equal to the round trip transit
time of radiation in the laser.

e The first point, #;, of zero amplitude follows from the relation N £2¢, /2 = m, lead-
ingtot; =2n/(N2) =T/N.

A femtosecond pulse train is coherent. It consists of periodically repeated wave
packets. The amplitude A(¢) is the envelope of the electric field curve E (7).

The intensity I (¢) of a femtosecond pulse train (Fig. 13.4, upper part) has main
maxima and side maxima. The peak intensity,

1 2 a72
Ik = 5ce0APN7, (13.18)

is proportional to the square of the number of oscillating modes; in case of a mea-
surement (outside the laser resonator), the peak intensity is smaller according to the
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output coupling strength. As a measure of the pulse duration 7, we take the halfwidth
of the main peak,
ty =1/Av,. (13.19)

The mode locking corresponds to a synchronization of fields of different fre-
quencies (belonging to different modes). The synchronization is possible because all
frequencies are multiples of the same fundamental frequency 2 = 27 /T according
to the resonance condition w; = [ x §2; the phase of each field component has, after
each round trip transit through the resonator, the same value (¢; =¢ =0).

An active medium with a homogeneously broadened 2 — 1 fluorescence line
is most favorable as an active medium of a mode locked laser. Then all excited
two-level atomic systems contribute to generation of radiation.

Because of frequency dependent loss, which we describe by a loss coefficient
B(w), we obtain an effective gain curve

et () = a(w) — B(w). (13.20)

The optical properties of the coatings of the optical elements (including the res-
onator mirrors) in the laser resonator depend on the wavelength. Therefore, also the
loss factor depends on the wavelength. The gain medium together with the coatings
determine the actual carrier frequency—the carrier frequency can be smaller or larger
than wy. Thus, the carrier frequency can be chosen by making use of appropriate opti-
cal elements.

Mode locking is possible by active mode locking or passive mode locking. We
will describe techniques of mode locking in the next section.

Before, we should mention that the field E(z) is the Fourier transform of the
frequency spectrum F(w) and vice versa:

+00
E(;):L/ F(w)e dw (13.21)
27 )
and
+o00 )
F(w) = / E(t)e “dr. (13.22)

Figure 13.5 (upper part) shows a rectangular spectral intensity profile F2(v). The
lower part shows E(t), obtained by a Fourier transformation of F (¢), together with
the envelope function A (#). The product of the pulse duration and the gain bandwidth
is equal to unity, f, Av, = 1.

Example titanium—sapphire laser (see Fig.13.4, lower part). Width of the gain
profile Av, = 1.1 x 10'* Hz (Sect. 7.6); length of the resonator 1.5 m; pulse duration
t, = 9fs; spatial length of a single pulse c#, =3 wm; distance between subsequent
pulses ~ 3 m. The number of phase-locked modes is N ~ 1 x 10'* Hz/10% Hz ~ 10°.
The round trip transit time of a light pulse is 7 = 10ns and the pulse repetition rate
f: = 100MHz.


http://dx.doi.org/10.1007/978-3-319-50651-7_7
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I

Fig. 13.5 A frequency comb: the spectral intensity profile (of rectangular shape) and the field

‘We mention here also Gaussian pulses [86]. A Gaussian pulse is characterized by
the following quantities.

e Spectral intensity profile F*(w) = exp[—4In2(w — w)*/Aw}]; Awg = gain band-
width (FWHM).

e Fourier transformation of E (w) yields the time-dependent amplitude A(¢) and thus
the temporal intensity profile /(¢)/1, = A%(t)/A?, where I, is the peak intensity.

e Temporal intensity profile /(1)/1, = exp[—41n2:%/12]; 1, = 4In2/ Aw, = pulse
duration (FWHM)

For a Gaussian profile of the spectral-intensity envelope, the pulse duration bandwidth
product is, with Av, = Aw, /27 equal to

2In2
b4

1y Avy = — 0.441. (13.23)

According to the gain bandwidth of titanium—sapphire, pulses with a pulse duration
as short as ~4 fs should be attainable; pulses of a duration of ~5 fs have indeed been
observed [87]. (Note: in comparison with a rectangular shape of the intensity profile,
a Gaussian shape with the same gain bandwidth has a broader spectral distribution
of the amplitudes and leads therefore to shorter pulses.)

13.2 Active and Passive Mode Locking

An acousto-optic modulator (Fig. 13.6a) is suitable for active mode locking. The
switch consists of a periodically in time-varying diffraction grating. An ultrasonic
wave in a crystal modulates spatially the mass density of the crystal and therefore the
refractive index. Every half period of the ultrasonic field, the modulation disappears
during a short moment. Therefore, there is no diffraction pattern for a short moment
and a light pulse passes the modulator without diffraction loss. Laser pulses pass the
modulator without diffraction at twice the ultrasonic frequency f;. The frequency of
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Fig. 13.6 Mode locking. (a)
a Acousto-optic switch and
b Kerr lens mode locking s
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the ultrasonic wave is 2f; = 1/T. A laser of length 1.5 m, 1/T = ¢/2L = 10 Hz
(100 MHz), requires an ultrasonic wave of a frequency of 50 MHz.

Kerr lens mode locking is a method of passive mode locking. The refractive index
of a material depends on the radiation intensity /,

n(x,y,t) = no+nyl(x,y,1), (13.24)

where ng is the refractive index and n, the Kerr coefficient.

Figure 13.6b shows the principle of the Kerr lens mode locking: a strong laser
pulse produces a Kerr lens in the Kerr medium due to self-focusing of the radiation
(Sect.35.6). The Kerr lens is a transient lens; it exists only during the passage of the
laser pulse through the Kerr medium. Focusing does not occur for radiation belonging
to the wings of the temporal distribution of the intensity. Therefore, the Kerr lens cuts
radiation in the wings of the temporal distribution of the intensity. At steady state
oscillation of a femtosecond laser, a pulse lengthening during a round trip transit
through the laser resonator is compensated by the action of the Kerr lens.

The active medium itself, a Ti’t:Al,O5 crystal, is suitable as a Kerr lens in a
titanium—sapphire laser. The Kerr coefficient of sapphire has the value n, = 3 x
1072 m?2 W—!; for an estimate of n,, see Sect.35.6 and Problem 35.3. To reach a
change of the refractive index (n = 1.74) by an appreciable amount (for example, by
0.3), the power density of the radiation has to be very large (~ 10" Wm™?).

The titanium—sapphire femtosecond laser (Fig. 13.7a) contains a chirped mirror
that compensates different optical path lengths of radiation of different wavelengths;
a chirped mirror consists of an antireflecting surface layer and of multilayers com-
posed of layers of different thicknesses. The orientation of the crystal surfaces of the
titanium—sapphire crystal correspond to the Brewster angle. A pump laser produces
population inversion. The spectral distribution of the radiation emitted by a femtosec-
ond titanium-sapphire laser (Fig. 13.7b) corresponds (for pulses with a duration of
about 5 fs) to a frequency width (110THz), which is about a third of the carrier
frequency (360 THz). Femtosecond pulse operation is possible at different carrier
frequencies; however, a modification that corresponds to an effective spectral gain
coefficient leads to a narrowing of the spectral gain coefficient profile and therefore
to a lengthening of the femtosecond pulses.


http://dx.doi.org/10.1007/978-3-319-50651-7_35
http://dx.doi.org/10.1007/978-3-319-50651-7_35
http://dx.doi.org/10.1007/978-3-319-50651-7_35
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Another technique of mode locking makes use of a saturable absorber. A laser
pulse saturates the absorption. After each transit of a pulse through the saturated
absorber, the pulse is amplified in the gain medium and the population of the upper
laser level is strongly reduced. After each transit of a pulse, the population builds
up again. Dye molecules solved in a solvent are suitable as saturable absorbers of
visible radiation (Sect. 12.6).

Later, we will discuss a further technique of passive mode locking, namely mode
locking via an intensity-dependent reflectivity of a mirror (Sect. 15.6).

13.3 Onset of Oscillation of a Mode-Locked
Titanium—Sapphire Laser

We now discuss onset of oscillation of a mode-locked titanium—sapphire femtosec-
ond laser. After turning on the optical pumping of the titanium—sapphire crystal,
spontaneous emission of radiation (fluorescence radiation) initiates oscillation of the
laser.

The gain coefficient of titanium—sapphire has its maximum at a frequency vy ~
350 THz (Fig. 13.8), while the maximum of the spectrum of spontaneous emission
lies at a higher frequency; gain curve and fluorescence curve of titanium—sapphire
are studied in Sects. 5.3 and 7.6, and in Chap. 17. Spontaneously emitted radiation
emitted in the low frequency wing of the fluorescence spectrum initiates oscillation.
The shape of the fluorescence spectrum deviates strongly from a Gaussian: emission
of radiation is still very strong in the low frequency wing of the fluorescence line.
Therefore, initial radiation is available in the whole range in which the gain coefficient
is sufficiently large for building up laser oscillation. Finally, a radiation field is build
up that corresponds to the shape of the gain coefficient (supposed that the elements in
the laser resonator work appropriately in a very broad frequency band). At the onset of
oscillation of the laser, spontaneous emission produces an initial photon distribution
centered at vy + Avy/2. Amplification shifts the spectrum toward smaller frequencies


http://dx.doi.org/10.1007/978-3-319-50651-7_12
http://dx.doi.org/10.1007/978-3-319-50651-7_15
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and can have, at steady state oscillation of the laser, the same Gaussian shape as the
gain coefficient curve.

A femtosecond laser, which operates with an active medium whose gain coefficient
has a Gaussian profile, can have a spectral intensity profile that can also have a
Gaussian shape (see Fig. 13.1). How is this possible? In order to answer this question,
we study a titanium—sapphire femtosecond laser containing a Kerr lens.

We discuss the corresponding requirement with respect to the Q-switch. In the
steady state of an oscillating Q-switched laser, a field component E; (oscillating
on mode s) reproduces itself after a round trip transit of the radiation through the
resonator. This leads to the condition

Vout Vs(v) G(v) =1,

where G(v) is the gain factor for the field at frequency v, Vg is the V factor
describing output coupling loss, and V;(v) is the V factor describing intrinsic loss
(Sect.2.4). Vi(v) should have a value near unity at frequencies of large gain. (While
the gain factor is large during the time a pulse passes through the active medium and
small in the time between two subsequent pulses, the loss factors do not depend on
time.) If the gain factor is only slightly larger than unity, 2a(v)Lac < 1, then we
can write G(v) = 1 — 2a(v)Lac and find

Vout Vitv) =1 —2a(v)Lac.

Lac is the length of the active medium. Thus, in the special case described by the
last equation, the gain curve has the same shape as the gain coefficient curve.

13.4 Optical Frequency Comb

In the preceding section, we assumed that the mode-locked fields have frequencies
that are multiples of the repetition rate. We neglected three effects—Gouy phase
shift; phase shift due to dispersion of the active medium; and phase shift due to
dispersion of the optical elements.


http://dx.doi.org/10.1007/978-3-319-50651-7_2
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